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Abstract
The goal of this article is to derive the reciprocity theorem, mutual energy theorem from Poynting
theorem instead of from Maxwell equation. In this way the reciprocity theorem will become the
energy theorem. In order to realize this purpose the followings have been done. The Poynting
theorem is generalized to the modified Poynting theorem. In the modified Poynting theorem the
electromagnetic field is superimposition of different electromagnetic fields including the field of
retarded potential and advanced potential, electric/magnetic mirrored field, time-reversed field,
time-offset field, space-offset field. The media epsilon (permittivity) and mu (permeability) can
also be different in the different fields. The concept of mutual energy is introduced which is the
difference between the total energy and self-energy. First we try to derive the mutual energy
theorem from complex Poynting theorem, it is failed. As a side effect we obtained the mixed
mutual energy theorem. We applied the average process to derive the mutual energy theorem
from Poynting theorem. This is derivation is not strictly. Then we derive the mutual energy
from Fourier domain, instead of obtained the mutual energy theorem from time-domain. We
obtain the time-reversed mutual energy theorem. A time-reverse transform needed to further
derive the mutual energy theorem. The time-reverse transform contains some information from
Maxwell equation, hence the derivation is not a purely derivation from Poynting theorem. Then
we derive the mutual energy theorem in time-domain. Using the modified Poynting theorem with
the concept of the mutual energy. The instantaneous modified mutual energy theorem is derived.
Applying time-offset transform and time integral to the instantaneous modified mutual energy
theorem, the time-correlation modified mutual energy theorem is obtained. Assume there are two
electromagnetic fields one is retarded potential and one is advanced potential, the convolution
reciprocity theorem can be derived. Corresponding to the modified time-correlation mutual energy
theorem and the time-convolution reciprocity theorem in Fourier domain, there is the modified
mutual energy theorem and the Lorentz reciprocity theorem. Hence all mutual energy theorem
and the reciprocity theorems are put in one frame of the concept of the mutual energy. The inner
product is introduced for two different electromagnetic fields in both time domain and Fourier
domain. The concept of inner product of electromagnetic fields simplifies the theory of the wave
expansion. The concept of reaction is re-explained as the mutual energy of two fields with retarded
potential and advanced potential.
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I. INTRODUCTION
In electromagnetic field theory, the Poynting theorem[1] is energy conservation theorem.
The Lorentz reciprocity theorem[2–5]
ˆ
S
(E1(ω)×H2(ω)−E2(ω)×H1(ω)) dt nˆdS
=
ˆ
V
(J1(ω) ·E2(ω)− J2(ω) · E1(ω)−K1(ω) ·H2(ω) +K2(ω) ·H1(ω) dV = 0 (1)
is close related to Poynting theorem. The two theorems look similar, J.R. Carson call the
reciprocity theorem as “Reciprocal energy theorem” in the reference[4]. But until now the
two theorems are two different theorems derived from Maxwell equations respectively.
Many efforts try to reveal the relationship between the reciprocity theorem and Poynting
theorem have been done. V. H. Rumsey proposed the concept of the reaction[6] in 1954
which is related to Lorentz reciprocity theorem. But what is the concept of the “reaction”
in behind scene?. W.J. Welch has derived a reciprocity theorem[7] in 1960, which is in the
following,
−
ˆ
S
∞ˆ
t=−∞
(E1(t)×H2(t) + E2(t)×H1(t)) dt nˆdS
=
ˆ
V
∞ˆ
t=−∞
(J1(t) ·E2(t) +K1(t) ·H2(t) + J2(t) · E1(t) +K2(t) ·H1(t)) dt dV (2)
In the formula all variables with subscript “1” is belong to retarded potential and all variables
with subscript “2” belong to advanced potential. Welch has derived another reciprocity
theorem in 1961, ˆ
S
∞ˆ
t=−∞
(E1(t)×H2(t)− E2(t)×H1(t)) dt nˆdS
=
ˆ
V
∞ˆ
t=−∞
(J1(t) · E2(t)−K1(t) ·H2(t)− J2(t) · E1(t) +K2(t) ·H1(t)) dt dV (3)
4
Rumsey has derived a another reciprocity theorem in 1963[9] from his reaction concept,
which is the following,
ˆ
V
(J1(ω) · E∗2(ω) + J∗2 (ω) ·E1(ω) +K1(ω) ·H∗2 (ω) +K∗2 (ω) ·H1(ω)) dV = 0 (4)
S. N. Samaddar suggest a reciprocity theorem and applied it to solve wave expansion prob-
lems in 1964[10] in plasma media,
∇ · (El × Hˆl′ + Eˆl′ ×Hl) + vˆel′ · pel + velpˆel′ + vˆil′ · pil + vilpˆil′ ++vˆnl′ · pnl + vin]mpˆil′ = 0 (5)
The corresponding time-domain theory of the reciprocity theorem[2–5][6] is the time-
convolution reciprocity theorem[11, 12] derived by G. Goubau in 1960 and B. Ru-shao Cheo
in 1965 which is
ˆ
V
∞ˆ
−∞
(J1(τ − t) ·E2(t)−J2(t) ·E1(τ − t)−K1(τ − t) ·H2(t)+K2(t) ·H1(τ − t) dt dV = 0 (6)
The further development of the time-convolution reciprocity theorem can be found[13, 14]. J.
A. Kong offers the details of conjugate transform and the concept of the modified reciprocity
theorem[15, 16] in 1972. In the modified reciprocity theorem the ǫ (permittivity) and µ
(permeability) of two electromagnetic fields appeared in the reciprocity theorem are allowed
to be different. Norbert N. Bojarski has further developed the Welch’s reciprocity theorem
in 1983[17]. Shuang-Ren Zhao proposed the mutual energy theorem and modified mutual
energy theorem in May of 1987[18], which is
−
ˆ
S
(E1(ω)×H∗2 (ω) + E∗2(ω)×H1(ω)) · nˆdS
=
ˆ
V
(J1(ω) · E∗2(ω) + J∗2 (ω) · E1(ω) +K1(ω) ·H∗2 (ω) +K∗2(ω) ·H1(ω)) dV (7)
The derivation of the mutual energy theorem is based on Lorenz reciprocity theorem[2–
5][6][16] and the conjugate transform[16]. The mutual energy theorem is defined in Fourier
domain or complex domain and is further developed in the reference[19, 20]. Compare to
the Rumsey’s formula in the mutual energy theorem there is an item of the surface integral
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which dose not vanish. The surface integral has been applied to define an inner product
of electromagnetic fields on the surface and hence to solve the wave expansion problems.
Welch’s reciprocity theorem[7, 17] is further developed by A. T. de Hoop in December 1987
to become the so called time-correlation reciprocity theorem[21] which is
−
ˆ
S
∞ˆ
t=−∞
(E1(t+ τ)×H2(t) + E2(t)×H1(t+ τ)) dt nˆdS
=
ˆ
V
∞ˆ
t=−∞
(J1(t+τ) ·E2(t)+K1(t+τ) ·H2(t)+J2(t) ·E1(t+τ)+K2(t) ·H1(t+τ)) dt dV (8)
de Hoop’s time-correlation reciprocity theorem can be seen as the mutual energy theorem[18]
in time-domain instead of in the Fourier domain. Welch’s reciprocity theorem is a special
situation of the time-correlation reciprocity theorem where the time variable τ = 0. By
the way in the theorem of de Hoop[21] the surface integral appeared but has been thought
that it will vanish on the infinite sphere. Baun has a book[22] in 1995 which systematically
introduced reciprocity theorems. The reference [23, 24] solved the wave expansion problem
directly from Maxwell equation which is close related to the mutual energy theorem.
Later the mutual energy theorem has been rediscovered and has been referred as the sec-
ond reciprocity theorem[25] in 2009. In this second reciprocity theorem the surface integral
was also thought to be vanish on the infinite big sphere.
Application of reciprocity theorem and mutual energy theorem can also be found in the
examples[26–29]. There are a few reference discussed the relationship between Poynting
theorem and reciprocity theorem[30–32]. However they only discussed them together and
did not offer the direct relationship between the two theorems. The reference [15] discussed
the reciprocity theorem in bi-anisotropic media.
There is a concept “mixed Poynting vector”[36, 37] which is close related to the concept
mutual energy and Poynting vector.
It is worth to notice that in the reference[18–20], the concept of “mutual energy” was
not well defined and the related concept “total energy” and “self energy” were also not
defined. The so called mutual energy theorem is only derived from the modified reciprocity
theorem instead of Poynting theorem, hence the concept of mutual energy is still not widely
acceptable.
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II. THE CONTRIBUTION OF THIS ARTICLE
The goal of this article is to convince the reader that the mutual energy theorem is a real
energy. To achieve this goal the mutual energy theorem have to be derived from Poynting
theorem instead of from Maxwell equation directly. In this article a few new concept is de-
fined or generalized. Among them there is “modified”, “time-reversed transform”, “mutual
energy”, “self energy”, “total energy”. The concept of reaction is reexplained. The mutual
energy theorem is re-derived from Poynting theorem. The derivation include different ver-
sions and the history is introduced. A few new theorem is obtained from the derivation, the
following gives the details.
A. The modified Maxwell equation
The concept of “modified” is borrowed from the modified reciprocity theorem, where two
electromagnetic field put in different media with different ǫ and µ can be superimposed. We
found for this situation the Maxwell equation is still established. In this kind of media, the
Maxwell equation is referred as modified Maxwell equation.
B. The modified Poynting theorem
The Poynting theorem is generalized to the modified Poynting theorem. The concept of
“modified” is borrowed from the modified reciprocity theorem[16] as above modified Maxwell
equation. This idea has also been used in the mutual energy theorem which is modified
mutual energy[18–20].
C. Time-reversed transform
We knew that after a magnetic mirror transform the electromagnetic field (E,H) is
still electromagnetic field. A electromagnetic field after a time-reversed transform is not a
electromagnetic field any more. That means after the time-reversed transform it does not
satisfy the Maxwell equation. However we modified the time-reversed transform through
introducing the negative media with negative ǫ , µ, this new time-reversed transform is
given in the following,
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[Er(t), Hr(t), Jr(t), Kr(t), ǫr(t), µr(t)]
≡ r[E(t), H(t), J(t), K(t), ǫ(t), µ(t)]
= [E(−t), H(−t), J(−t), K(−t),−ǫ(−t),−µ(−t)] (9)
A electromagnetic fields after the above time-reverse transform is still electromagnetic fields.
This time reverse transform is one of the import tool to derive mutual energy theorem from
Poynting theorem in Fourier domain.
D. The difference the substitution and the replace of a transform is noticed
There are many transforms: magnetic mirror transform, electric mirror transform, time-
reversed transform. Time-offset transform. There are two process for the above transform,
one is substitution of the transform, the other is replace of a transform. Replace and
substitution are two different process, in the history many mistakes were made since the
confusion with this two processes. In this article we try to clarify the difference of the
replacement and substitution of a transform.
E. Introduced the instantaneous mutual energy theorem
In this article the concept of mutual energy is defined as the difference between the
total energy and the self energy. The instantaneous mutual energy theorem is derived from
Poynting theorem with the concept of mutual energy. The instantaneous mutual energy
theorem is following,
−∇ · (E1 ×H2 + E2 ×H1)
= J1 · E2 + J2 · E1 +K1 ·H2 +K2 ·H1 + E1 · ∂D2 + E2 · ∂D1 +H1 · ∂B2 +H2 · ∂B1 (10)
F. Derived the time-reversed mutual energy theorem in Fourier domain
Time-reversed mutual energy theorem is introduced from Fourier domain through in-
stantaneous mutual energy theorem, and hence from the Poynting theorem. The reversed
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mutual energy theorem in Fourier domain is show in the following,
−
ˆ
S
(E1(ω)×H2(ω) + E2(ω)×H1(ω)) nˆdS
=
ˆ
V
(J1(ω) · E2(ω) + J2(ω) · E1(ω) +K1(ω) ·H2(ω) +K2(ω) ·H1(ω)) dV (11)
The time-reversed mutual energy theorem in time domain is
−
ˆ
S
∞ˆ
t=−∞
(E1(τ − t)×H2(t) + E2(t)×H1(τ − t)) nˆdS
=
ˆ
V
∞ˆ
t=−∞
(J1(τ − t) ·E2(t)+J2(t) ·E1(τ − t)+K1(τ − t) ·H2(t)+K2(t) ·H1(τ − t)) dV (12)
G. Derived the mutual energy theorem in Fourier domain
The mutual energy theorem can be derived from reversed mutual energy theorem with
time-reversed transform. The mutual energy theorem is shown in the following,
−
ˆ
S
(E1(ω)×H∗2 (ω) + E∗2(ω)×H1(ω)) · nˆdS
=
ˆ
V
(J1(ω) · E∗2(ω) + J∗2 (ω) · E1(ω) +K1(ω) ·H∗2 (ω) +K∗2(ω) ·H1(ω)) dV (13)
The corresponding in the time domain which is time-correlation mutual energy theorem or
time-correlation reciprocity theorem[21].
−
ˆ
S
∞ˆ
t=−∞
(E1(t+ τ)×H2(t) + E2(t)×H1(t+ τ)) dt nˆdS
=
ˆ
V
∞ˆ
t=−∞
(J1(t+τ) ·E2(t)+K1(t+τ) ·H2(t)+J2(t) ·E1(t+τ)+K2(t) ·H1(t+τ)) dt dV (14)
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H. Derived the time-reversed reciprocity theorems from the mutual energy theo-
rems in Fourier domain
The time-reversed reciprocity theorem is shown as following,
ˆ
S
(E1(ω)×H∗2 (ω)−E2(ω)×H∗1 (ω)) dt nˆdS
=
ˆ
V
(J1(ω) · E∗2(ω)− J2(ω) ·E∗1(ω)−K1(ω) ·H∗2 (ω) +K∗2(ω) ·H1(ω) dV = 0 (15)
In time-domain, the corresponding theorem is time-correlation reciprocity theorem is derived
which is in the following,
ˆ
S
∞ˆ
t=−∞
(E1(t)×H2(t + τ)− E2(t + τ)×H1(t)) dt nˆdS
=
ˆ
V
∞ˆ
t=−∞
(J1(t) ·E2(t+τ)−K1(t) ·H2(t+τ)−J2(t+τ) ·E1(t)+K2(t+τ) ·H1(t)) dt dV (16)
I. Re-derived the Lorenz reciprocity theorem from the mutual energy theorem
The Lorenz reciprocity theorem[2][6] is shown as a special situation of the mutual energy
theorem. In the special situation where two electromagnetic fields are different, one is the
field of retarded potential and the other is the field of advanced potential. The concept of the
reaction[6] is re-explained as the mutual energy (or power) of the two electromagnetic fields
where one is the field of retarded potential and the other is the field of advanced potential.
J. Re-derived time-correlation mutual energy theorem from Poynting theorem
In the above we have derived the mutual energy theorem in Fourier domain. The deriva-
tion is that first derive the time-reversed mutual energy theorem and then through a time-
reverse transform we obtained the mutual energy theorem. We did not very satisfy with
this process of derivation. Since it is not a pure derivation from Poynting theorem. The
time-reversed transform need the Maxwell equation to prove. Hence we actually derived the
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mutual energy theorem form Poynting theorem plus Maxwell equation. A purely derivation
from Poynting theorem should not use the transform for example mirrored transform or
time-reversed transform. Hence we seek another way to prove the mutual energy theorem
and avoid the time-reversed transform. We have proved that the time-correlation mutual
energy theorem from Poynting theorem. And then considered a Fourier transform for the
time-correlation mutual energy theorem, we obtained the mutual energy theorem. This way
we have purely derived the mutual energy theorem form the Poynting theorem.
K. Introduced the mixed mutual energy theorem
We have try to derive the mutual energy theorem from complex Poynting theorem. But
we have failed. Instead to obtained the mutual energy theorem we obtained the following
mixed mutual energy theorem.
−
ˆ
S
(E1 ×H∗2 + E2 ×H∗1 ) · nˆdS
=
ˆ
V
(E1 · J∗2 + E2 · J∗1 +H∗1 ·K2 +H∗2 ·K1)dV
+ jω
ˆ
V
(H∗1 · µ2H2 +H∗2 · µ1H1 − E1 · ǫ∗2E∗2 − E2 · ǫ∗1E∗1)dV (17)
or corresponding mixed time-correlation mutual energy theorem,
−
ˆ
S
∞ˆ
t=−∞
(E1(t+ τ)×H∗2 (t) + E2(t+ τ)×H∗1 (τ))dt · nˆdS
=
ˆ
V
∞ˆ
t=−∞
(E1(t+ τ) · J∗2 (t) +E2(t+ τ) · J∗1 (t) +H∗1 (t) ·K2(t+ τ) +H∗2 (t) ·K1(t+ τ)) dt dV
+∂τ
ˆ
V
∞ˆ
t=−∞
(H∗1 (t) · (µ2 ∗H2)(t+ τ) +H∗2 (t) · (µ1 ∗H1)(t+ τ)
− E1(t+ τ) · (ǫ∗2 ∗ E∗2)(t)−E2(t+ τ) · (ǫ∗1 ∗ E∗1)(t)) dt dV (18)
The mixed mutual energy theorem is related with the concept of mixed Poynting vector
[36, 37]. We do not clear perhaps the mixed mutual energy has some usage in the future.
11
L. Introduced the inner product to the mutual energy theorem
This author has introduced the inner product in Fourier domain[18–20]. In this article
this idea is generalized to time domain. In time domain the inner product is defined as
following
(ζ1, ζ2)τ =
ˆ
S
∞ˆ
t=−∞
(E1(t+ τ)×H2(t) + E2(t)×H1(t+ τ)) dt nˆdS
The author has shown that (ζ1, ζ2)τ is not a good inner product, but (ζ1, ζ2)τ=0 is a good
inner product. The inner product is applied to the wave expansion problem. The normal
function expansion method can be applied to electromagnetic field expansions.
M. Re-explained the concept of the reaction
Many confused concept about transform is clarified. There are time-reversed transform,
mirror transform, time offset transform. In the above transform there are two different
process in derivation of new theory one is substitution and the other is replacement. Mistake
is often caused by confusing the replacement as substitution. The concept of causal field,
advanced potential, retard potential, offset field, transmitting filed, receiving field is clarified
too. The concept reaction is re-explained as the mutual energy of two fields one is retarded
potential and the other one is advanced potential.
N. Complementary theorems
Chen-To Tai has derived the complementary reciprocity theorem[38]. We have obtained 4
theorems, 2 mutual energy theorem and 2 reciprocity theorem. We apply the electromagnetic
field swapping transform
ζs = sζ = [ZH,
1
Z
E,− 1
Z
K,−ZJ,− 1
Z2
µ,−Z2ǫ]
4 corresponding complementary theorems are obtained. Among them one is the Chen-To
tai’s complementary reciprocity theorem.
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III. MODIFIED MAXWELL EQUATION
A. The Maxwell equation and the modified Maxwell equation
There are two kinds of electromagnetic fields, one is transmitting field and the other
one is receiving field. Assume ξ = [E, H ] is radiated from the source ρ = [J,K]. ρ is
inside the volume V , the boundary of the volume is S = ∂V . The example of this kind of
electromagnetic field is the electromagnetic field radiated from an antenna. ξ = [E, H ] is
the retarded potential. Another kind of field is the field received by the sink of ρ = [J,K].
The example of this kind of electromagnetic field is the electromagnetic field received by an
antenna which is advanced potential.
Assume ζ = [E,H, J,K, ǫ, µ] is a electromagnetic system, where ξ = [E, H ] are electric
field intensity and magnetic field intensity. ρ = [J,K] are electric current distribution and
magnetic current distribution. ǫ, µ are permittivity and permeability, we assume ζ satisfies
the Maxwell equation,
∇×H = J + ∂D (19)
∇× E = −K − ∂B (20)
where ∂ = ∂t =
∂
∂t
, t is time. ∇ is gradient operator to the space variable x = [x1, x2, x3] is
the rectangle coordinates, “×” is vector cross product operator. “∇×” is “curl” operator.
∇· is divergence operator Here D is electric displacement field intensity; B is magnetic
induction field intensity. And
D(t) =
∞ˆ
τ=−∞
ǫ(t− τ)E(τ) dτ (21)
B(t) =
∞ˆ
τ−∞
µ(t− τ)H(τ)dτ (22)
If there is only one media ǫ, µ, the electromagnetic field can also be written as ζ =
[E,H, J,K,D,B]. In general we assume ǫ and µ are tensors
ǫ = [ǫij ], µ = [µij] i = j = 1, 2, 3 (23)
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If there are N electromagnetic fields ζi = [Ei, Hi, Ji, KiDi, Bi], i = 1, 2, ...N . Assume ζ1,
ζ2 ... ζN satisfy the above Maxwell equation. Assume the superimposing electromagnetic
field is
ζ = ζ1 + ζ2 · · · ζN (24)
There is the relationship,
D(t) =
∞ˆ
τ=−∞
ǫ(t− τ)(E1(τ) + E2(τ) + · · ·+ EN (τ))dτ (25)
B(t) =
∞ˆ
τ=−∞
ǫ(t− τ)(H1(τ) +H2(τ) + · · ·+HN (τ))dτ (26)
B. The modified Maxwell equation
Where ζ = [E,H, J,K,D,B]. In the space with media (permittivity and permeability)
ǫ, µ, normally D and B should satisfy the above formula. For the above formula the D(t)
and B(t) are not linear. D(t) and B(t) are only linear when all fields ζ1+ ζ2 · · · ζN has same
media, i.e.
ǫi=1,···N = ǫ, µi=1,···N = µ (27)
The above relationship can be loosen by defining that the relation from D to E and B to
H are linear, which is.
D(t) = D1(t) +D2(t) + · · ·+DN(t) (28)
B(t) = B1(t) +B2(t) + · · ·+BN (t) (29)
where
Di(t) =
∞ˆ
τ=−∞
ǫi(t− τ)Ei(τ)dτ i = 1, · · · , N (30)
Bi(t) =
∞ˆ
τ=−∞
µi(t− τ)Ei(τ)dτ i = 1, · · · , N (31)
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Hence there is
D(t) =
∞ˆ
τ−∞
(ǫ1(t− τ)E1(τ) + ǫ2(t− τ)E2(τ) + · · ·+ ǫN (t− τ)EN (τ))dτ (32)
B(t) =
∞ˆ
τ−∞
(µ1(t− τ)H1(τ) + µ2(t− τ)H2(τ) + · · ·+ µN(t− τ)HN (τ))dτ (33)
This modification can also be found in reference[14]. It can be proven that if ζ1, ζ2 · · · ζN
satisfy the Maxwell equation, with different media Eq(30,31), the superimposing electro-
magnetic field ζ = ζ1 + ζ2 + · · · + ζN will also satisfies Maxwell equation Eq.(19,20) with
the above loosen relation Eq.(32,33). In the following we will combine the media equation
to Maxwell equation. In case the field ζ satisfies the Maxwell equation with the media
Eq.(25,26), it is will be referred satisfying the Maxwell equation. In case the field satisfies
the Maxwell equation with the media condition Eq.(32,33) it is referred as the modified
Maxwell equation. The concept of “modified” is borrowed from the modified reciprocity
theorem[15, 16].
IV. THE TRANSFORM OF ELECTROMAGNETIC FILED
A. Time reverse transform
Assume r is time reversed transform[33], ζ = [E(t), H(t), J(t), K(t), ǫ(t), µ(t)] is electro-
magnetic system and satisfies Maxwell Equation. [Er, Hr, Jr, Kr, ǫr, µr] is the transformed
electromagnetic system. ζr = rζ , or
[Er(t), Hr(t), Jr(t), Kr(t), Dr(t), Br(t)] ≡ r[E(t), H(t), J(t), K(t), D(t), B(t)]
= [E(−t), H(−t), J(−t), K(−t), D(−t), B(−t)] (34)
It can be proved that if the electromagnetic field ζ satisfied Maxwell equation, the time-
reversed electromagnetic field ζr is also satisfies the the time reversed Maxwell equation:
∇×H = J − ∂D (35)
∇× E = −K + ∂B (36)
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Proof: If the electromagnetic field ζ is normal field (satisfies Maxwell equation), If ζ is time
reversed field then rζ is normal field. ζr = rζ will be time-reversed satisfies time-reversed
Maxwell equation. There is ζ = rζr or
[E(t), H(t), J(t), K(t), D(t), B(t)] ≡ r[Er(t), Hr(t), Jr(t), Kr(t), Dr(t), Br(t)]
= [Er(−t), Hr(−t), Jr(−t), Kr(−t), Dr(−t), Br(−t)] (37)
Substituting this to the Maxwell equation, there is
∇×Hr(−t) = Jr(−t) + ∂tDr(−t) (38)
∇× Er(−t) = −Kr(−t)− ∂tBr(−t) (39)
Assume −t = τ , ∂t = −∂τ
∇×Hr(τ) = Jr(τ)− ∂τDr(τ) (40)
∇× Er(τ) = −Kr(τ) + ∂τBr(τ) (41)
Hence ζr satisfies the time reversed Maxwell equation. Proof finish.
The above time reversed transform has been applied to produce a few reciprocity
theorems[10][17]. It is worth to say, even the time-reverse transformed field does not satisfy
the Maxwell equation, but if we put the minus sign insider the media, i.e., define
ǫr(−t) = −ǫ(−t), µr(−t) = −µ(−t) (42)
or
[Er(t), Hr(t), Jr(t), Kr(t), ǫr(t), µr(t)] ≡ r[E(t), H(t), J(t), K(t), ǫ(t), µ(t)] (43)
= [E(−t), H(−t), J(−t), K(−t),−ǫ(−t),−µ(−t)] (44)
We can prove that ζr = [Er(t), Hr(t), Jr(t), Kr(t), ǫr(t), µr(t)] satisfies the Maxwell equation
as following
∇×Hr(τ) = Jr(τ) + ∂τ (ǫr(t) ∗ Er(τ)) (45)
∇× Er(τ) = −Kr(τ)− ∂τ (µr(t) ∗Hr(τ)) (46)
Hence whether or not the time-reverse transformed field satisfies Maxwell equation, is de-
pending how the media after the transform is defined. In the following only the Eq(44) will
be referred as time reversed transform. A electromagnetic field after time-reverse transform
is still magnetic field.
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B. Magnetic mirror transform
Assume h is magnetic mirror transform[33], ζ = [E(t), H(t), J(t), K(t), ǫ(t), µ(t)] is elec-
tromagnetic field and satisfies Maxwell Equation. [Eh, Hh, Jh, Kh, ǫh, µh] is the transformed
electromagnetic system. ζh = hζ , or
[Eh(t), Hh(t), Jh(t), Kh(t), ǫh(t), µh(t)] ≡ h[E(t), H(t), J(t), K(t), ǫ(t), µ(t)]
= [E(−t),−H(−t),−J(−t), K(−t), ǫ(−t), µ(−t)] (47)
ζh = hζ , it can be easily proven that ζ = hζh, i.e.,
[E(t), H(t), J(t), K(t), ǫ(t), µ(t)] = h[Eh(t), Hh(t), Jh(t), Kh(t), ǫh(t), µh(t)]
= [Eh(−t),−Hh(−t),−Jh(−t), Kh(−t), ǫh(−t), µh(−t)] (48)
It can be proved that if the electromagnetic field ζ satisfied Maxwell equation, the magnetic
mirror transformed field ζh also satisfies the Maxwell equation.
Proof: Substitute Eq.(48) to the Maxwell equation Eq.(19,20)
∇× (−1)Hh(−t) = (−1)Jh(−t) + ∂Dh(−t) (49)
∇× Eh(−t) = −Kh − ∂(−1)B(−t) (50)
or
∇× (−1)Hh(−t) = (−1)Jh(−t) + (−1)∂−tDh(−t) (51)
∇×Eh(−t) = −Kh − (−1)∂−t(−1)B(−t) (52)
or
∇×Hh(−t) = Jh(−t) + ∂−tDh(−t) (53)
∇×Eh(−t) = −Kh − ∂−tB(−t) (54)
substitute τ = −t, there is
∇×Hh(τ) = Jh(τ) + ∂τDh(τ) (55)
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∇×Eh(τ) = −Kh − ∂τBh(τ) (56)
Hence ζh satisfied the Maxwell equation. Proof finish.
Hence an electromagnetic fields after the magnetic mirror transform, it is stall electro-
magnetic field satisfying Maxwell equation.
C. Electric mirror transform
Assume e is electric reversed transform, ζ = [E(t), H(t), J(t), K(t), ǫ(t), µ(t)] is electro-
magnetic system and satisfies Maxwell Equation. [Ee, He, Je, Ke, ǫe, µe] is the transformed
electromagnetic system. ζe = eζ , or
[Ee(t), He(t), Je(t), Ke(t), ǫe(t), µe(t)] ≡ e[E(t), H(t), J(t), K(t), ǫ(t), µ(t)]
= [−E(−t), H(−t), J(−t),−K(−t), ǫ(−t), µ(−t)] (57)
It can be proven that ζe = eζ satisfies Maxwell equation.
Proof: ζ = eζe, substitute this to Maxwell equation Eq(19,20). There is
∇×He(−t) = Je(−t) + ∂(−1)De(−t) (58)
∇× (−1)Ee(−t) = −(−1)Ke − ∂Be(−t) (59)
or considering ∂t = (−1)∂−t
∇×He(−t) = Je(−t) + (−1)∂−t(−1)De(−t) (60)
∇× (−1)Ee(−t) = −(−1)Ke − (−1)∂−tBe(−t) (61)
or
∇×He(−t) = Je(−t) + ∂−tDe(−t) (62)
∇×Ee(−t) = −Ke − ∂−tB(−t) (63)
or considering −t = τ
∇×He(τ) = Je(τ) + ∂τDe(τ) (64)
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∇×Ee(τ) = −Ke − ∂τBe(τ) (65)
Hence ζe is also satisfies the Maxwell equation too. Proof finish.
D. Conjugate transform corresponding to time-reversed transform
Considering a real function f(t),
f(t) = F−1{F (ω)} ≡
∞ˆ
−∞
F (ω) exp(jωt) dt
Hence
f(−t) =
∞ˆ
−∞
F (ω) exp(−jωt) dt
= {
∞ˆ
−∞
F ∗(ω) exp(jωt) dt}∗
Considering f(−t) is a real function
f(−t) = f ∗(−t)
=
∞ˆ
−∞
F ∗(ω) exp(jωt) dt
= F−1{F ∗(ω)}
In the time-reversed transform considering f(−t) → F ∗(ω), we can obtained the corre-
sponding time-reversed transform in Fourier domain.
Assume r is time reversed transform[33], ζ = [E(ω), H(ω), J(ω), K(ω), ǫ(ω), µ(ω)] is elec-
tromagnetic system and satisfies Maxwell Equation. [Er, Hr, Jr, Kr, ǫr, µr] is the transformed
electromagnetic system. ζr = rζ , or
[Er(ω), Hr(ω), Jr(ω), Kr(ω), ǫr(ω), µr(ω)] ≡ r[E(ω), H(ω), J(ω), K(ω), ǫ(ω), µ(ω)]
= [E∗(ω), H∗(ω), J∗(ω), K∗(ω),−ǫ∗(ω),−µ∗(ω)] (66)
or
ζr ≡ rζ
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There is
ζ = rζr
or
[E(ω), H(ω), J(ω), K(ω), ǫ(ω), µ(ω)]≡ r[Er(ω), Hr(ω), Jr(ω), Kr(ω), ǫr(ω), µr(ω)]
= [E∗r (ω), H
∗
r (ω), J
∗
r (ω), K
∗
r (ω),−ǫ∗r(ω),−µ∗r(ω)] (67)
Assume ζ = [E(ω), H(ω), J(ω), K(ω), D(ω), B(ω)] satisfies Maxwell Equation
Eq.(Eq(19,20). ).
∇×H∗r = J∗ + (jω)(−ǫ∗r)E∗r (68)
∇× E∗r = −K∗r − (jω)(−µ∗r)H∗r (69)
or
∇×Hr = Jr + jωǫrEr (70)
∇×Er = −Kr − jωµrHr (71)
Hence [Er, Hr] is the solution of Maxwell equation with the current [Jr, Kr] and media [ǫr, µr]
E. The conjugate transform corresponding magnetic mirror transform
Considering F{f(−t)} = f ∗(ω) which F{•} is Fourier transform, tn Fourier
domain (or complex space), the magnetic mirrored transform become conju-
gate transform[15, 16]. Assume h is magnetic mirrored transform[33], ζ =
[E(t), H(t), J(t), K(t), ǫ(t), µ(t)] is electromagnetic system and satisfies Maxwell Equation.
ζh(t) = [Eh(t), Hh(t), Jh(t), Kh(t), ǫh(t), µh(t)] is the mirror transformed electromagnetic
field, The corresponding conjugate transform is defined as following ζh(ω) = hζ(ω), or
[Eh(ω), Hh(ω), Jh(ω), Kh(ω), ǫh(ω), µh(ω)] ≡ h[E(ω), H(ω), J(ω), K(ω), ǫ(ω), µ(ω)]
= [E∗(ω),−H∗(ω),−J∗(ω), K∗(ω), ǫ∗(ω), µ∗(ω)] (72)
Since ζh = hζ , it can be easily proven that there is ζ = hζh, or
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[E(ω), H(ω), J(ω), K(ω), ǫ(ω), µ(ω)] = h[Eh(ω), Hh(ω), Jh(ω), Kh(ω), ǫh(ω), µh(ω)]
= [E∗h(ω),−H∗h(ω),−J∗h(ω), K∗h(ω), ǫ∗h(ω), µ∗h(ω)] (73)
If ζ(ω) is electromagnetic field, after conjugate transform, hζ is also electromagnetic field.
F. The difference between the replacement and the substitution of a transform
Assume there is a formula f(..., ζ) which contents the field ζ = [J,K,E,H, ǫ, µ].
f(..., ζ) = f(..., [J,K,E,H, ǫ, µ]) (74)
Here f(..., ζ) can be any known electromagnetic formula derived from Maxwell equation
for example the reciprocity theorem.
There is difference between the replacement and substitution of a transform. Assume
here [J,K] are the source. Assume ζh is the magnetic mirror transformed filed, so that
ζh = [Jh, Kh, Eh, Hh, ǫh, µh] = hζ . And hence there is ζ = hζh. h is mirror transform Hence
ζ = hζh = [−Jh(−t), Kh(−t),−Hh(−t), E(−t), ǫh(−t), µh(−t)]. we can substitute ζ = hζh
to above formula, which is
f(..., ζ) = f(..., [−Jh(−t), Kh(−t), Eh(−t),−Hh(−t), ǫh(−t), µh(−t)]) (75)
In this situation the formula does not change. However if we replace the ζ using ζh , which
is
f(..., ζh) = f(..., [Jh, Kh, Eh, Hh, ǫh, µh]) (76)
The formula is changed. Since clearly that ζ is not ζh. Substituting ζh = hζ to the above
formula, there is
f(..., ζh) = f(..., [−J(−t), K(−t), E(−t),−H(−t), ǫ(−t), µ(−t)]) (77)
is a different formula compare to,
f(..., ζ) = f(..., [J,K,E,H, ǫ, µ]) =
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f(..., [−Jh(−t), Kh(−t), Eh(−t),−Hh(−t), ǫh(−t), µh(−t)]) (78)
Hence if f(..., ζ) = 0 we can not guarantee that f(..., ζh) = 0.
Substitution will not change the original formula, but the replacement will change the
original formula. Using replacement actually derive a new formula which is the dual of
the original formula. It mast be very careful to the replacement and substitution of the
transform which are two different manipulations.
G. Time offset transform
Assume T is time offset transform ζ = [E(t), H(t), J(t), K(t), ǫ(t), µ(t)] is electromagnetic
system and satisfies Maxwell Equation. ζT = [ET , HT , JT , KT , ǫT , µT ] is the transformed
electromagnetic system.
ζT ≡ [ET (t), HT (t), JT (t), KT (t), ǫT (t), µT (t)]
≡ T [E(t), H(t), J(t), K(t), ǫ(t), µ(t)]
= [E(t + T ), H(t+ T ), J(t+ T ), K(t+ T ), ǫ(t+ T ), µ(t+ T )] (79)
It can be proved that if the electromagnetic field ζ satisfies the Maxwell equation, then the
time-offset electromagnetic field ζT is also satisfies the Maxwell equation.
H. Space offset transform
Assume T is time offset transform ζ = [E(t), H(t), J(t), K(t), ǫ(t), µ(t)] is electromagnetic
system and satisfies Maxwell Equation. ζX = [EX , HX , JX , KX , ǫX , µX ] is the transformed
electromagnetic system. Where X is stand for space transform. X is also a value of space
offset X = [X1, X2, X3]. Assume x = [x1, x2, x3].
ζX ≡ [EX(t, x), HX(t, x), JX(t, x), KX(t, x), ǫX(t, x), µX(t, x)]
≡ X [E(t, x), H(t, x), J(t, x), K(t, x), ǫ(t, x), µ(t, x)]
= [E(t, x+X), H(t, x+X), J(t, x+X), K(t, x+X), ǫ(t, x+X), µ(t, x+X)] (80)
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It can be proved that if the electromagnetic field ζ satisfies the Maxwell equation, then the
space-offset electromagnetic field ζX is also satisfies the Maxwell equation.
The idea of time offset and space offset has been used in reference[17].
I. Transform by swapping electric field and magnetic field
Assume s is a swap transform which can swap electric field and magnetic field, ζ =
[E,H, J,K, ǫ, µ]
ζs = sζ = [aH, bE, cK, dJ, eµ, fǫ]
and this transform should be able to reverse, that means
ζ = sζs
ζ = sζs = [aHs, bEs, cKs, dJs, eµs, fǫs]
Where a, b, c, d, e, f are constant to be found. Assume ζ = [E,H, J,K, ǫ, µ] satisfy Maxwell
equation
∇×H = J + jωǫE
∇× E = −K − jωµH
We can substitute ζ to the above Maxwell equation, ζs = [Es, Hs, Js, Ks, ǫs, µs] should also
satisfy the Maxwell equation
∇×Hs = Js + jωǫsEs
∇× Es = −Ks − jωµsHs
After substituting we have
∇× (bEs) = cKs + jωeµsaHs
∇× (aHs) = −dJs − jωfǫbEs
or
∇×Es = c
b
Ks +
ea
b
jωµsHs
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∇×Hs = −d
a
Js − fb
a
jωǫsEs
We found that the constant should following
c
b
= −1
−d
a
= 1
ea
b
= −1
−fb
a
= 1
Or
c = −b
d = −a
e = − b
a
f = −a
b
What about a and b? Since this transform is not only satisfy the Maxwell equation, there
has unit dimension problem. After the transform it should has same unit dimension.
Es = aH
H = bEs
Es = abEs
or
ab = 1
Now if a is known all other constant can be found. a actually can be any value, however
considering
ǫ0E
2, µ0H
2
have the same unit dimension of energy, hence the following has the same unit dimension.
Here ǫ0 and µ0 is values in empty space.
√
ǫ0E,
√
µ0H
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or have same unit dimension.
E, ZH
where
Z =
√
µ0
ǫ0
Hence we can just take
a = Z
From above we can find if we take
b =
1
a
=
1
Z
Further we have
c = − 1
Z
d = −Z
e = − 1
Z2
f = −Z2
or
ζs = sζ = [ZH,
1
Z
E,− 1
Z
K,−ZJ,− 1
Z2
µ,−Z2ǫ]
substitute ζs to
∇×Hs = Js + jωǫsEs
∇× Es = −Ks − jωµsHs
we have
∇× ( 1
Z
E) = (− 1
Z
K) + jω(− 1
Z2
µ)(ZH)
∇× (ZH) = −(−ZJ)− jω(−Z2ǫ)( 1
Z
E)
or
∇× E = −K − jωµH
∇×H = J + jωǫE
That is the Maxwell equation.
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V. ADVANCED POTENTIAL AND RETARDED POTENTIAL
A. Mirrored transform for A(t), φ(t), ̺(t)
Assume A(t), φ(t) are vector potential and scale potential and is defined as following
E = −∇φ − ∂A (81)
B = ∇× A (82)
Assume the magnetic field ζ = [E(t), H(t), J(t), K(t), ǫ(t), µ(t)]. Assume the magnetic cur-
rent is assumed as K = 0. Assume ̺ is electric charge distribution which is related current
distribution through continue equation
∇ · J + ∂̺ = 0 (83)
Hence, J is the only source of the potential [A(t), φ(t)]. Now let us find out the mag-
netic mirror transformed potential and electric charge distribution [A(t), φ(t), ̺(t)], i.e.
[Ah(t), φh(t), ̺h(t)] = h[A(t), φ(t), ̺(t)]. Here h is magnetic mirror transform.
Assume the magnetic mirror transform for φ(t) and ̺(t) is same as to E(t), The mirror
transform of A(t) is same as H or B.
[Ah(t), φh(t), Jh(t), Kh(t), ̺h(t), t, ∂t] ≡ h[A(t), φ(t), J(t), K(t), ̺(t)]
= [−A(−t), φ(−t),−J(−t), K(−t), ̺(−t)] (84)
It can be proven that the calculated Eh(t) = −∇φh − ∂Ah, Hh(t) = ∇ × Ah satisfies the
magnetic mirrored transform Eq.(47). Here h is magnetic mirror transform. We need to
prove that
1)
Eh(t) = E(−t) (85)
2)
Hh(t) = −H(−t) (86)
3)
∇ · Jh + ∂̺h = 0 (87)
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Hence, guarantees the magnetic transformed field [Eh(t), Hh(t)] satisfies the Maxwell
equation Eq.(19,20). It also guarantees the current continue function still satisfies.
Proof: After the magnetic mirror transform, the time t is changed to −t and the ∂t change
to −∂−t = −∂τ , here −τ = −t that is For example
1)
Eh(t) = −∇φh − ∂tAh
= −∇φ(−t)− ∂t(−A(−t))
= −∇φ(−t)− ∂−t(A(−t))
= (−∇φ(τ)− ∂τA(τ))|τ=−t
= E(τ)|τ=−t
= E(−t) (88)
2)
Bh = ∇× Ah = ∇× ((−1)A(−t)) = −∇× A(−t) = −B(−t) (89)
Hence
Bh = −B(−t) = −(µ(τ) ∗H(τ))|τ=−t = −µ(−t) ∗H(−t)) = µh ∗ (−H(−t)) (90)
considering
Bh = µh ∗Hh (91)
Hence we have
Hh = −H(−t) (92)
3)
∇ · Jh + ∂̺h
= ∇ · (−J(−t)) + ∂t̺(−t))
= ∇ · (−J(−t))− ∂−t̺(−t))
= −(∇ · J(−t) + ∂−t̺(−t))
= −(∇ · J(τ) + ∂τ̺(τ))
= 0 (93)
In the above proof τ = −t has been used. Proof finish.
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B. Advanced potential and retarded potential
In empty space the retarded potential is widely accept which are following,
Er = −∇φr − ∂Ar (94)
Br = ∇× Ar (95)
φr(x, t) =
1
4πǫ0
ˆ
V
̺(x′, tr)
|x− x′| dV (96)
Ar(x, t) =
µ0
4π
ˆ
V
J(x′, tr)
|x− x′| dV (97)
tr = t− |x− x
′|
c
(98)
Where c is the speed of light wave in empty space. Here K = 0 is also assumed.
There is corresponding advanced potential, where
Ea = −∇φa − ∂Aa (99)
Ba = ∇× Aa (100)
φa(x, t) =
1
4πǫ0
ˆ
V
̺(x′, ta)
|x− x′| dV (101)
Aa(x, t) =
µ0
4π
ˆ
V
J(x′, ta)
|x− x′| dV (102)
ta = t +
|x− x′|
c
(103)
The above electromagnetic field ζr = [Er, Hr, Jr, Kr, ǫr, µr] is the corresponding field of
the retarded potential. ζa = [Ea, Ha, Ja, Ka, ǫa, µa] is the corresponding field of the advanced
potential. In the above we can assume that Jr = Ja = J , ǫr = ǫa = ǫ, µr = µa = µ. That
means for the electric current J and media ǫ, µ, the superscript r and a can be dropped.
If the electric current or magnetic current ρ = [J,K] sending electromagnetic wave out,
ρr = [Jr, Kr] is the source. If the electric current or magnetic current ρa = [Ja, Ka] receiving
electromagnetic wave, ρa = [Ja, Ka] is the sink. The retarded potential is the electromag-
netic field ξr = [Er, Hr] transmitting from the source ρr = [Jr, Kr]. The advanced potential
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is the electromagnetic field ξ = [Ea, Ha] received by the sink ρa = [Ja, Ka]. Advanced poten-
tial and retarded potential are all normal electromagnetic field which satisfies the Maxwell
equation. In next subsection we will shown that the field of advanced potential is magnetic
mirror transformed transformed field. It is not the time reversed field.
Here the mirror transformed field and time reversed field are different. Mirror transformed
fields still satisfy the Maxwell equation and hence is a normal electromagnetic field. But
the time reversed field does not satisfy the Maxwell equation, it satisfies the time-reversed
Maxwell equation Eq.(40, 41) which is very close to Maxwell equation (It is noticed if the
minus sign is put to the media, the field after the time-reversed transform is still satisfies
the Maxwell equation). Time reversed transform can be apply to derive some reciprocity
theorems[10][17].
C. Obtain advanced potential from mirrored transform
The retarded potential is widely accept. Advanced potential is not widely accept. How-
ever magnetic mirror transformed field is accept widely, since mirror transformed field satis-
fies the Maxwell equation and also easy to explained as the reflect field on a magnetic super
conductor mirror. In this subsection we will derive the advanced potential from magnetic
mirror transform and retarded potential.
Assume
ζ1(t) = [E1(t), H1(t), J1(t), K1(t), ǫ1(t), µ1(t)] (104)
ζ2(t) = [E2(t), H2(t), J2(t), K2(t), ǫ2(t), µ2(t)] (105)
are both retarded potentials. Assume there is only electron current hence K1 = 0 and
K2 = 0. Assume
[J2(t), K2(t), ǫ2(t), µ2(t), ̺2(t)] = [−J1(−t), K1(−t), ǫ1(−t), µ1(−t), ̺1(−t)] (106)
corresponding to the source ρ2 is the retarded potential, and there is
φ2(x, t) =
1
4πǫ0
ˆ
V
̺2(x
′, t− |x−x′|
c
)
|x− x′| dV (107)
A2(x, t) =
1
4πǫ0
ˆ
V
J2(x
′, t− |x−x′|
c
)
|x− x′| dV (108)
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and the corresponding fields are
E2 = −∇φ2 − ∂A2 (109)
B2 = ∇×A2 (110)
Assume
ζ3 = hζ2 (111)
ζ3 is magnetic mirrored field of the retarded potential ζ2. Considering
A3(x, t) = hA2(x, t) = −A2(x,−t) (112)
φ3(x, t) = hφ2(x, t) = φ2(x,−t) (113)
Considering Eq.(107,108), there is
A3(x, t) = (−) 1
4πǫ0
ˆ
V
J2(x
′,−t− |x−x′|
c
)
|x− x′| dV (114)
φ3(x, t) =
1
4πǫ0
ˆ
V
̺2(x
′,−t− |x−x′|
c
)
|x− x′| dV (115)
Considering Eq.(106), there is
A3(x, t) =
1
4πǫ0
ˆ
V
J1(x
′, t+ |x−x
′|
c
)
|x− x′| dV (116)
φ3(x, t) =
1
4πǫ0
ˆ
V
̺1(x
′, t+ |x−x
′|
c
)
|x− x′| dV (117)
The field can be obtained
E3 = −∇φ3 − ∂A3 (118)
B3 = ∇×A3 (119)
This way It is proven that the magnetic mirror transformed field
ζ3(t) = [E3(t), H3(t), J3(t), K3(t), ǫ3(t), µ3(t)] (120)
from a field of the retarded potential
ζ2(t) = [E2(t), H2(t), J2(t), K2(t), ǫ2(t), µ2(t)] (121)
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is just the field of the advanced potential of the sink ρ1 = [J1(t), 0].
The field of the advanced potential is obtained by using a magnetic mirror transform.
Hence the advanced potential should be acceptable same as the field obtained form a mag-
netic mirror transform. In the following the transmitting field and retarded potential are
field that send out from the source ρ = [J,K]. Receiving potential and advanced potential
are field receiving by the sink ρ = [J,K]. Electric and magnetic current can receive and
transmit the field or do both in the same time, i.e. ρ = [J,K] can be sink or source.
VI. THE MODIFIED POYNTING THEOREM
A. The superimposing electromagnetic field
The superimposing electromagnetic field is considered which contains the following elec-
tromagnetic field compounds,
(1) retarded potential which send from the source.
(2) advanced potential which is received by the sink.
(3) time reversed field of the retarded potential and advanced potential.
(4) mirror transformed field of the retarded potential and advanced potential.
(5) time-offset field of the above fields.
(6) space-offset field of the above fields.
(7) transmitting field, which is sent from the antenna.
(8) receiving field, which receiving from antenna and reflected by the antenna
The Maxwell equation Eq.(19, 20) satisfies. This is also referred as the modified Poynthing
theorem. The simple example is shown in the following. Assume ζ1, ζ2,ζ3,ζ4, ζ5,ζ6 are all the
field of the retarded potential,
ζ = ζ1 + hζ2 + eζ3 + Tζ4 +Xζ5 + rζ6 (122)
is superimposed field. Where h and e are magnetic and electric mirror transforms. hζ2 and
eζ3 are receiving fields or advanced potential. T is time offset transform, X is space offset
transform. Tζ4 is time-offset field, Xζ5 is spatial offset fields. rζ6 is time reversed transform.
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B. The Poynting theorem
The Poynting theorem can be proved as following from Maxwell equation Eq.(19,20),
−∇ · (E ×H) = J · E +K ·H + E · ∂D +H · ∂B (123)
Where “·” is vector point product. The superimposed field Eq.(122) satisfies the Maxwell
equation, if the media satisfies Eq.(25,26),i.e., there is only one media, [ǫ, µ] we say that the
Poynting theorem establishes.
C. The modified Poynting theorem
The Eq.(123) is also the modified Poynting theorem if we consider the media Eq.(32,33).
The derivation of the modified Poynting theorem can be done with Maxwell equation and
the modified media Eq.(32,33). The derivation of the modified Poynting theorem is exactly
same as derivation Poynting theorem form Maxwell equation. The only different is that
the media have been generalized to Eq.(32,33) from Eq.(25,26). If Eq.(25,26) is applied, the
word “modified” can be dropped, it become Poynting theorem. The concept of “modified” is
borrowed from the modified reciprocity theorem[16]. We extended this idea to the Maxwell
equation and also Poynting theorem.
D. The Poynting theorem in Fourier space
Considering
f(t) = F−1(f(ω)) =
1
2π
+∞ˆ
ω=−∞
f(ω) exp(jωt) dω
∂f(t) =
1
2π
+∞ˆ
ω=−∞
f(ω)∂ exp(jωt) dω
=
1
2π
+∞ˆ
ω=−∞
f(ω)(jω) exp(jωt) dω
Hence there is
F{∂f(t)} = (jω)f(ω)
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or there is the transform
∂ → (jω)
from time-domain to Frequency domain. And the Maxwell equation in Fourier space be-
comes,
∇×H = J + (jω)D (124)
∇×E = −K − (jω)B (125)
In frequency domain the Poynting theorem Eq.(123) can be written as
−∇ · (E ×H) = J · E +K ·H + E · jωD +H · jωB (126)
E. The complex Poynting theorem
Considering ∂t → jω in the Maxwell equation Eq.(19,20), there is the Maxwell equation
in the Fourier domain,
∇×H = J + (jω)ǫE (127)
−∇×E = K + jωµH (128)
take complex conjugate to Eq.(127), there is
∇×H∗ = J∗ + (jω)∗ǫ∗E∗ (129)
point product a variable H∗ and E to Eq.(128,129), there are
−H∗ · ∇ × E = H∗ ·K + jωH∗ · µH (130)
E · ∇ ×H∗ = E · J∗ + (jω)∗E · ǫ∗E∗ (131)
Add them together
−H∗ · ∇ × E + E · ∇ ×H∗ = H∗ ·K + jωH∗ · µH + E · J∗ + (jω)∗E · ǫ∗E∗ (132)
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Poynting theorem in Fourier domain can be written as
−∇ · (E ×H∗) = E · J∗ +H∗ ·K + jω(H∗ · µH −E · ǫ∗E∗) (133)
VII. FAIL TO DERIVE THE MUTUAL ENERGY THEOREM FROM COMPLEX
POYNTING THEOREM
Our first try is to obtained mutual energy theorem from complex Poynting theorem. This
try is failed, instead of obtained the mutual energy theorem we obtained the mixed mutual
energy theorem.
Assume ζ = ζ1 + ζ2, the above formula can be rewritten as
−∇ · ((E1 + E2)× (H∗1 +H∗2 ))
= (E1 + E2) · (J∗1 + J∗2 ) + (H∗1 +H∗2 ) · (K1 +K2)
+ jω((H∗1 +H
∗
2 ) · (µ1H1 + µ2H2)− (E1 + E2) · (ǫ∗1E∗1 + ǫ∗2E∗2)) (134)
take out all self energy compounds, it becomes
−∇ · (E1 ×H∗2 + E2 ×H∗1 )
= E1 · J∗2 + E2 · J∗1 +H∗1 ·K2 +H∗2 ·K1
+ jω(H∗1 · µ2H2 +H∗2 · µ1H1 −E1 · ǫ∗2E∗2 − E2 · ǫ∗1E∗1) (135)
or in intergral form,
−
ˆ
S
(E1 ×H∗2 + E2 ×H∗1 ) · nˆdS
=
ˆ
V
(E1 · J∗2 + E2 · J∗1 +H∗1 ·K2 +H∗2 ·K1)dV
+ jω
ˆ
V
(H∗1 · µ2H2 +H∗2 · µ1H1 − E1 · ǫ∗2E∗2 − E2 · ǫ∗1E∗1)dV (136)
This is referred as mixed mutual energy theorem. It is related to the concept of mixed
Poynting vector. It is corresponding to Poynting theorem in the complex form. The inverse
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Fourier transform of above formula is
−
ˆ
S
∞ˆ
t=−∞
(E1(t+ τ)×H∗2 (t) + E2(t+ τ)×H∗1 (τ))dt · nˆdS
=
ˆ
V
∞ˆ
t=−∞
(E1(t+ τ) · J∗2 (t) +E2(t+ τ) · J∗1 (t) +H∗1 (t) ·K2(t+ τ) +H∗2 (t) ·K1(t+ τ)) dt dV
+∂τ
ˆ
V
∞ˆ
t=−∞
(H∗1 (t) · (µ2 ∗H2)(t+ τ) +H∗2 (t) · (µ1 ∗H1)(t+ τ)
− E1(t+ τ) · (ǫ∗2 ∗ E∗2)(t)−E2(t+ τ) · (ǫ∗1 ∗ E∗1)(t)) dt dV (137)
In the above formula (f ∗g)(t) means convolution of the function f(t) and g(t). Considering
E(t), H(t), ǫ(t), µ(t) are all real variables, the above formula can be rewritten as following,
−
ˆ
S
(E1(t+ τ)×H2(t) + E2(t+ τ)×H1(τ)) · nˆdS
=
ˆ
V
(E1(t+ τ) · J2(t) + E2(t+ τ) · J1(t) +H1(t) ·K2(t+ τ) +H2(t) ·K1(t + τ))dV
+∂τ
ˆ
V
(H1(t) · (µ2 ∗H2)(t + τ) +H2(t) · (µ1 ∗H1)(t+ τ)
−E1(t+ τ) · (ǫ2 ∗ E2)(t)− E2(t+ τ) · (ǫ1 ∗ E1)(t))dV (138)
This can be seen as mixed mutual energy theorem in time domain, it also can be referred
as mixed time-correlation reciprocity theorem. It can be prove that the the real part of
mixed mutual energy theorem Eq.(136) is same as the real part of the mutual energy the-
orem Eq.(257). Mixed mutual energy theorem is related to the concept of mixed poynting
vector[36, 37].
VIII. DERIVATION OF MUTUAL ENERGY THEOREM BY AVERAGE
We define the mutual energy of a electromagnetic field system as the difference between
the total energy and the self energy. We derive mutual energy from the idea that subtract
the self energy from the total energy, the rest is the mutual energy. There is energy conser-
vation theorem which is Poynting theorem which guarantee the total energy and self energy
35
are conservation. Hence the mutual energy should also be conserved. The mutual energy
is conserved is referred as mutual energy theorem. The following gives the detail of the
derivation of the mutual energy theorem
A. Spatial-temporal mutual energy theorem
Assume
E = E1 + E2 (139)
D = D1 +D2 (140)
H = H1 +H2 (141)
B = B1 +B2 (142)
J = J1 + J2 (143)
Assume (E1, H1) is produced from J1 and assume (E2, H2) is produced from J2. It is clear
we have the Poynting theorem as following,
−∇ · (E1 ×H1) = J1 ·E1 + E1 · ∂D1 +H1 · ∂B2 (144)
−∇ · (E2 ×H2) = J2 · E2 + E2 · ∂D2 +H · ∂B2 (145)
substitute Eq.(139,140,141,142) to Eq.(123) and subtract Eq.(144) and Eq.(145) from
Eq.(123) , we obtain,
−∇· (E1×H2+E2×H1) = J1 ·E2+J2 ·E1+E1 ·∂D2+E2 ·∂D1+H1 ·∂B2+H2 ·∂B1 (146)
Actually we can call Eq.(123) total part of Poynting theorem. The Eq.(144,145) is self part
of Poynting theorem. Eq.(146) is mutual part of Poynting theorem. The corresponding
integral form of the above formula is
−
ˆ ˆ
S
(E1×H2+E2×H1)·nˆdS =
ˆ ˆ ˆ
V
(J1·E2+J2·E1+E1·∂D2+E2·∂D1+H1·∂B2+H2·∂B1) dV
(147)
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Where nˆ is norm vector of the the surface S. The above Eq.(146,147) are referred as spatial-
temporal mutual energy theorem in this article. In the derivation of the above Eq.(146,147)
we have considered the media,
D1 = ǫE1 (148)
D2 = ǫE2 (149)
B1 = µH1 (150)
B2 = µH2 (151)
B. Modified spatial-temporal mutual energy theorem
If we assume that
D1 = ǫ1E1 (152)
D2 = ǫ2E2 (153)
B1 = µ2H1 (154)
B2 = µ2H2 (155)
Eq.(146,147) are referred as modified spatial-temporal mutual energy theorem. Modified
spatial-temporal mutual energy theorem can be derived directly from modified Poynting
theorem. We can see in the derivation if only consider E, H , D, B, J . The medium ǫ1,µ1
and ǫ2,µ2 did not appear in the proving process. Hence using the exactly same proving
process we can obtain the modified spatial-temporal mutual energy theorem.
It is remarkable that we did not care whether or not the modified spatial-temporal mutual
energy theorem is a true physical theorem, we can consider it as a mathematical theorem.
In real situation there is only
ǫ1 = ǫ2 = ǫ (156)
µ1 = µ2 = µ (157)
Modified mutual energy theorem can be used to simplify some calculation of electromagnetic
fields which will be shown in the following.
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C. Mutual energy theorem in complex space
Considering f = Re{f0 exp(jωt)} g = Re{g0 exp(jωt)},
f g = Re{f0 exp(jωt)}Re{g0 exp(jωt)}
=
1
2
(f0 exp(jωt) + f
∗
0 (exp(jωt))
∗)
1
2
(g0 exp(jωt) + g
∗
0(exp(jωt))
∗
=
1
4
(f0g0 exp(j2ωt) + f
∗
0 g
∗
0(exp(j2ωt))
∗ + f0g
∗
0 + f
∗
0 g0)
=
1
2
(Re{f0g0 exp(j2ωt)}+Re{f0g∗0}) (158)
Considering
< f0g0 exp(j2ωt) >= 0 (159)
Where< • >means average of some variable with time. Hence we have
< f, g >=
1
2
Re{f0g∗0}
=
1
2
Re{f0 exp(jωt) g∗0(exp(jωt))∗}
=
1
2
Re{f g∗)} (160)
Hence we have the following transform after the average if do not consider the constant 1
2
,
f g =⇒ f g∗ (161)
or =⇒means take an average
f g =⇒ f ∗ g (162)
According to this, we have
E1 ×H2 =⇒ E1 ×H∗2 (163)
E2 ×H1 =⇒ E∗2 ×H1 (164)
J1 × E2 =⇒ J1 × E∗2 (165)
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J2 ×E1 =⇒ J∗2 × E1 (166)
In the above substitution we always put the ∗ to the all variable with subscript 2. considering,
∂f = ∂Re{f0 exp(jωt)}
= ∂
1
2
(f0 exp(jωt) + f
∗
0 (exp(jωt))
∗)
=
1
2
(jωf0 exp(jωt) + f
∗
0 (−jω)(exp(jωt))∗)
=
1
2
Re{(jωf0 exp(jωt)}
=
1
2
Re{(jωf} (167)
Hence we have the following transform
∂ =⇒ jω (168)
We obtain,
E1 · ∂D2 =⇒ E1 · (∂ǫE2)∗ = E1 · (jωǫE2)∗ = (jω)∗E1 · ǫ∗E∗2 = −jω E1 · ǫ∗E∗2 (169)
and
E2 · ∂D1 =⇒ E∗2 · (jωǫE1) = jωE∗2 · ǫE1 (170)
similarly we have
H1 · ∂B2 =⇒ −jω H1 · µ∗H∗2 (171)
H2 · ∂B1 =⇒ jωH∗2 · µB1 (172)
Substitute the above formula to Eq.(146) we have
−∇ · (E1 ×H∗2 + E∗2 ×H1) =
J1 · E∗2 + J∗2 · E1 − jω E1 · ǫ∗E∗2 + jωE∗2 · ǫE1 − jω H1 · µ∗H∗2 + jωH∗2 · µB1 (173)
Considering
a · Cb = aiCijbj = Cijaibj = CTjiai · bj = b · CTa (174)
Hence we have
E1 · ǫ∗E∗2 = E∗2 · (ǫ∗)TE1 = E∗2 · ǫ†E1 (175)
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Where A† = (A∗)T . † means matrix conjugate. T means matrix transpose. Hence we have
E1ǫ
∗E∗2 −E∗2ǫE1 = E∗2ǫ†E1 − E∗2ǫE1 = E∗2(ǫ† − ǫ)E1 (176)
H1µ
∗H∗2 −H∗2µH1 = H∗2 (µ† − µ)H1 (177)
Hence Eq.(173) can be rewritten as following,
−∇· (E1×H∗2 +E∗2 ×H1) = J1 ·E∗2 +J∗2 ·E1− jωE∗2 · (ǫ†− ǫ)E1− jωH∗2 · (µ†−µ)H1 (178)
The corresponding integral form is
−
ˆ ˆ
S
(E1×H∗2+E∗2×H1)·nˆdS =
ˆ ˆ ˆ
V
(J1·E∗2+J∗2 ·E1−jωE∗2 ·(ǫ†−ǫ)E1−jωH∗2 ·(µ†−µ)H1) dv
(179)
D. mutual energy theorem in complex space with lossless medium
If the medium is lossless, there are following condition,
ǫ† = ǫ (180)
µ† = µ (181)
Hence there is
jωE∗2 · (ǫ† − ǫ)E1 + jωH∗2 · (µ† − µ)H1 = 0 (182)
Hence the complex mutual energy theorem can be simplified to the following form,
−∇ · (E1 ×H∗2 + E∗2 ×H1) = J1 · E∗2 + J∗2 · E1 (183)
or if the integral form,
−
ˆ ˆ
S
(E1 ×H∗2 + E∗2 ×H1) · nˆdS =
ˆ ˆ ˆ
V
(J1 · E∗2 + J∗2 · E1) dV (184)
This is referred as simplified form of the mutual energy theorem. Or for simplification, just
mutual energy theorem[18–20]. It has been referred as the second reciprocity theorem[25],
generalized reciprocity theorem, adjoint reciprocity theorem, lossless reciprocity theorem.
40
E. Modified mutual energy theorem in complex space
The above are referred as the complex mutual energy theorem. The corresponding mod-
ified complex mutual energy theorem is
−∇·(E1×H∗2+E∗2×H1)·nˆdS = J1·E∗2+J∗2 ·E1−jωE∗2 ·(ǫ†2−ǫ1)E1−jωH∗2 ·(µ†2−µ1)H1 (185)
−
ˆ ˆ
S
(E1×H∗2+E∗2×H1)·nˆdS =
ˆ ˆ ˆ
V
(J1·E∗2+J∗2 ·E1−jωE∗2 ·(ǫ†2−ǫ1)E1−jωH∗2 ·(µ†2−µ1)H1) dV
(186)
F. Modified mutual energy theorem in complex space with loss medium
If the lossless condition does not satisfy. The mutual energy formula can not be written
as the above simplified form. However we always can choose
ǫ
†
2 = ǫ1 (187)
µ
†
2 = µ1 (188)
So that the Eq.(183,184) are still true in the meaning of modified mutual energy theorem. We
must keep in mind that Eq.(183,184) are both the mutual energy theorem and the modified
mutual energy theorem depending whether or not the medium i.e. the Eq.(156,157) satisfy
or not. Here usually one of media is in the real space for example ǫ1, µ1, the other ǫ2 are µ2
are in virtual space and it is effective only with mathematical meaning. In this situation we
can free to choose their values. The simplified form of the modified mutual energy theorem
can be found in reference[18–20] in which is just called as modified mutual energy theorem.
It is worth to see that the above (modified) mutual energy theorem is derived from
modified Poynting theorem, time-offset, time-reversed, space-offset.
IX. DERIVE THE THEOREMS IN FOURIER DOMAIN DIRECTLY
In the last section we have derived the mutual energy theorem from complex Poynting
theorem using the process of average. However that derivation is not strictly. Since actually
we have only proved the real part of the theorem. The mutual energy theorem has image
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part. We have not prove the image part of mutual energy theorem. In this section we will
solve this problem.
A. The modified reversed mutual energy theorem
Assume ζ1 = [E1, H1, J1, K1, D1, B1], ζ2 = [E2, H2, J2, K2, D2, B2], ζ = ζ1 + ζ2, there is
the total energy formula,
−∇ · ((E1 + E2)× (H1 +H2))
= (J1+J2)·(E1+E2)+(K1+K2)·(H1+H2)+(E1+E2)·jω(D1+D2)+(H1+H2)·jω(B1+B2)
(189)
And the self energy formula,
−∇ · (E1 ×H1) = J1 · E1 +K1 ·H1 + E1 · jωD1 +H1 · jωB1 (190)
−∇ · (E2 ×H2) = J2 · E2 +K2 ·H2 + E2 · jωD2 +H2 · jωB2 (191)
Subtract the above two self energy formulas form the total energy formula, we obtain
−∇ · (E1 ×H2 + E2 ×H1)
= J1 · E2 + J2 · E1 +K1 ·H2 +K2 ·H1 + jω(E1 ·D2 + E2 ·D1 +H1 · B2 +H2 · B1) (192)
Among the above formula we notice that
E1 ·D2 + E2 ·D1 = E1 · ǫ2E2 + E2 · ǫ1E1
= E1 · ǫ2E2 + ·E1ǫT1E2
= E1 · (ǫ2 + ǫT1 )E2 (193)
and
H1 · B2 +H2 · B1 = H1 · (µ2 + µT1 )H2 (194)
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Hence if we choose ǫ2(ω) and µ2(ω) satisfy
ǫ2(ω) + ǫ
T
1 (ω) = 0, µ2(ω) + µ
T
1 (ω) = 0 (195)
There is
−∇ · (E1(ω)×H2(ω) + E2(ω)×H1(ω))
= J1(ω) · E2(ω) + E1(ω) · J2(ω) +K1(ω) ·H2(ω) +H1(ω) ·K2(ω) (196)
the integral form form can be written as
−
ˆ
S
(E1(ω)×H2(ω) + E2(ω)×H1(ω)) nˆdS
=
ˆ
V
(J1(ω) · E2(ω) + E1(ω) · J2(ω) +K1(ω) ·H2(ω) +H1(ω) ·K2(ω)) dV (197)
The above two formula can be referred as the modified reversed mutual theorem. Define
(ξ1, ξ2)rω =
ˆ
S
(E1(ω)×H2(ω) + E2(ω)×H1(ω)) nˆdS (198)
(ρ1, ξ2)rω =
ˆ
V
(J1(ω) · E2(ω) +K1(ω) ·H2(ω))dV (199)
(ξ1, ρ2)rω =
ˆ
V
(E1(ω) · J2(ω) +H1(ω) ·K2(ω))dV (200)
Subscript “r” is used to express this inner product has not use any complex conjugate
symbols. We have the reversed mutual energy theorem as following,
(ξ1, ξ2)rω + (ρ1, ξ2)rω + (ξ1, ρ2)rω = 0 (201)
ǫ2(ω) + ǫ
T
1 (ω) = 0, µ2(ω) + µ
T
1 (ω) = 0 (202)
In the history, the closed work related Eq.(197) can be found in reference.[10] or see Eq.(5).
In case ǫ1 = ǫ2 = ǫ, µ1 = µ2 = µ, the word “modified” can be dropped. It becomes the
reverse modified mutual energy theorem. The media condition is changed to
ǫ(ω) = −ǫT (ω), µ(ω) = −µT (ω) (203)
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That means the media is anti-symmetric. We do not clear whether or not this kind media
exist in the nature, however if it exist, in this anti-symmetric media, the above reversed
mutual energy theorem is established. Here we call it “reversed” is because this media
is anti-symmetric. It is also used to distinguish it with the theorem will be discussed in
following subsection.
B. The modified mutual energy theorem
Considering a conjugate transform for the time-reverse transform to all the variable with
subscript “2” to the formula Eq.(197)
[E(ω), H(ω), J(ω), K(ω), ǫ(ω), µ(ω)]≡ r[Er(ω), Hr(ω), Jr(ω), Kr(ω), ǫr(ω), µr(ω)]
= [E∗r (ω), H
∗
r (ω), J
∗
r (ω), K
∗
r (ω),−ǫ∗r(ω),−µ∗r(ω)] (204)
There is
−∇ · (E1(ω)×H∗2 (ω) + E∗2(ω)×H1(ω))
= J1(ω) · E∗2(ω) + E1(ω) · J∗2 (ω) +K1(ω) ·H∗2 (ω) +H1(ω) ·K∗2 (ω) (205)
or
−
ˆ
S
(E1(ω)×H∗2 (ω) + E∗2(ω)×H1(ω)) nˆdS
=
ˆ
V
(J1(ω) · E∗2(ω) + E1(ω) · J∗2 (ω) +K1(ω) ·H∗2 (ω) +H1(ω) ·K∗2(ω)) dV (206)
The above can be referred as mutual theorem, or
(ξ1, ξ2)ω + (ρ1, ξ2)ω + (ξ1, ρ2)ω = 0 (207)
where
(ξ1, ξ2)ω =
ˆ
S
(E1(ω)×H∗2 (ω) + E∗2(ω)×H1(ω)) nˆdS (208)
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(ρ1, ξ2)ω =
ˆ
V
(J1(ω) · E∗2(ω) +K1(ω) ·H∗2 (ω))dV (209)
(ξ1, ρ2)ω =
ˆ
V
(E1(ω) · J∗2 (ω) +H1(ω) ·K∗2 (ω))dV (210)
The media equation becomes,
− ǫ∗2(ω) + ǫT1 (ω) = 0, −µ∗2(ω) + µT1 (ω) = 0 (211)
or
ǫ2(ω) = ǫ
†
1(ω), µ2(ω) = µ
†
1(ω) (212)
If ǫ1 = ǫ2 and µ1 = µ2 , the word “modified” can be dropped, the above theorem becomes
modified mutual energy theorem. For the modified mutual energy theorem the media satisfy
ǫ(ω) = ǫ†(ω), µ(ω) = µ†(ω) (213)
whech is lossless media. Hence mutual energy theorem is established in lossless media. The
above mutual energy theorem has been derived by this author in reference[18–20].
In case ζ1 and ζ2 one is retarded potential, and the other is advanced potential, the surface
integral (ξ1, ξ2)ω = 0, or
ˆ
S
(E1(ω)×H∗2 (ω) + E∗2(ω)×H1(ω)) nˆdS = 0
the proof can been seen from the Appendix 3 . In this case the mutual energy current will
not go to the outside of the the surface.
If there are N electromagnetic fields, the modified mutual energy theorem is
i<j, j6N∑
i=1,j=1
((ξi, ξj)ω + (ρi, ξj)ω + (ξi, ρj)ω) = 0 (214)
C. The modified Lorenz reciprocity theorem
Considering a conjugate transform corresponding to magnetic mirror transform Eq.(72)
to the above modified mutual energy theorem to all variable with subscript “2”, there is
−∇ · (E1(ω)× (−1)H2(ω) + E2(ω)×H1(ω))
45
= J1(ω) · E2(ω)−E1(ω) · J2(ω)−K1(ω) ·H2(ω) +H1(ω) ·K2(ω) (215)
− ǫ2(ω) + ǫT1 (ω) = 0, −µ2(ω) + µT1 (ω) = 0 (216)
This is modified Lorenz reciprocity theorems. In case ǫ2(ω) = ǫ1(ω) = ǫ µ2(ω) = µ1(ω) = µ,
hence
ǫT (ω) = ǫ(ω), µT (ω) = µ(ω)
The “modified” can be dropped. It be comes Lorenz reciprocity theorem. Lorenz reciprocity
theorem is established in symmetric media.
ˆ
S
(E1(ω)×H2(ω)−E2(ω)×H1(ω)) dt nˆdS
=
ˆ
V
(J1(ω) ·E2(ω)− E1(ω) · J2(ω)−K1(ω) ·H2(ω) +H1(ω) ·K2(ω) dV = 0 (217)
In case ζ1 and ζ2 one is retarded potential and one is advanced potential, we knew from
last subsection the surface integral (ζ1, ζ2)ω = 0. Assume ζ1 is retarded potential and ζ2is
advanced potential, since we have did a magnetic mirror transform to ζ2, after the transform
ζ2 become retarded potential. Hence there is if ζ1 and ζ2 are all retarded potential there is
the surface integral for reciprocity theorem
ˆ
S
(E1(ω)×H2(ω)− E2(ω)×H1(ω)) dt nˆdS = 0 (218)
D. The modified reversed reciprocity theorem
After a reverse conjugate transform for subscript “2”. The above formula can be written
as
ǫ∗2(ω) + ǫ
T
1 (ω) = 0, µ
∗
2(ω) + µ
T
1 (ω) = 0 (219)
and
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−∇ · (−E1(ω)×H∗2 (ω) + E∗2(ω)×H1(ω))
= J1(ω) · E∗2(ω)− J∗2 (ω) · E1(ω)−K1(ω) ·H∗2 (ω) +K∗2 (ω) ·H1(ω) (220)
The corresponding integral form is
−(E1(ω)×H∗2 (ω)− E∗2(ω)×H1(ω)) nˆdS
=
ˆ
V
(J1(ω) ·E∗2(ω)− J∗2 (ω) · E1(ω)−K1(ω) ·H∗2 (ω) +K∗2 (ω) ·H1(ω)) dV (221)
This can be referred as the reversed reciprocity theorem. In case ǫ2(ω) = ǫ1(ω) = ǫ µ2(ω) =
µ1(ω) = µ, the word “modified” can be dropped, it becomes reversed reciprocity theorem.
The media condition becomes
ǫ(ω) = −ǫ†(ω), µ(ω) = −µ†(ω) (222)
This kind media can be referred as anti-lossless media. Hence the reversed reciprocity
theorem is established in anti-lossless media.
E. The surface integral in the mutual energy theorem
If both ζ1 and ζ2 are both transmitting fields or the retarded potential, in general
(ξ1, ξ2)τ 6= 0 (223)
Since, that means (ξ1, ξ2)τ are mutual energy current go through the surface. For example
if ζ1 = ζ2 = ζ then
(ξ, ξ)τ =
ˆ
S
∞ˆ
t=−∞
(E(t + τ)×H(t) + E(t)×H(t+ τ)) nˆdS (224)
and
F{(ξ, ξ)τ} =
ˆ
S
(E(ω)×H∗(ω) + E∗(ω)×H(ω)) nˆdS
= 2
ˆ
S
Re{E(ω)×H∗(ω)} nˆdS (225)
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E(ω)×H∗(ω) is the Fourier domain Poynting vector, ´
S
Re{E(ω)×H∗(ω)} nˆdS is the power
flow out the surface which is not vanish in general. It is only vanish if the surface S is super
conductor or magnetic super conductor wall.
Hence there is
(ξ, ξ)ω 6= 0 (226)
and hence, after a inverse Fourier transform, there is
(ξ, ξ)τ = F
−1{(ξ, ξ)ω} 6= 0 (227)
in general. If both of them ζ1, ζ2 are the field of retarded potential, the mutual energy
current will have the same direction from inner side to the outside of the surface S, the
surface integral is not vanish in general.
In other hand if one of them is the field of retarded potential and the other is the field of
advanced potential. For example ρ1 = [J1, K1] is the source and ρ2 = [J2, K2] is sink. ρ1 and
ρ2 are inside the surface S. In this case, ξ1 is retarded potential. ξ2 is advanced potential,
there is
(ξ1, ξ2)τ = 0 (228)
The proof can been seen in Appendix 3 of the reference[22]. In the proof where the Som-
merfeld’s radiation condition has been applied.
X. MUTUAL ENERGY THEOREMS IN TIME DOMAIN
In the sectionIX, we has derived the mutual energy theorem directly from Fourier domain.
The derivation has first derived the time-reversed mutual energy theorem from Poynting
theorem. The time reversed transform is applied to derive the mutual energy theorem
from time reversed mutual energy theorem. However time reversed transform need Maxwell
equation to prove. This means actually we did not derive the mutual energy theorem from
Poynting theorem but through time reversed transform, the Maxwell equation is involved.
Hence we did not purely derived the mutual energy theorem from Poynting theorem.
In this article the mutual energy of a electromagnetic field system is defined as the
difference between the total energy (power) and the self energy (power). The mutual energy
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is obtained from the idea that subtract the self energy from the total energy, the rest is
the mutual energy. There is energy conservation theorem which is Poynting theorem. The
Poynting theorem guarantees that the total energy and self energy are conservative. Hence
the mutual energy should be also conservative. The mutual energy is conservative is referred
as mutual energy theorem. The following offers the detail of the derivation of the mutual
energy theorem.
A. The instantaneous-time mutual energy theorem
Assume ζ1 = [E1, H1, J1, K1, D1, B1] and ζ2 = [E2, H2, J2, K2, D2, B2] are electromagnetic
fields, which can be retarded potential, advanced potential, time-offset or space-offset. Let
ζ = ζ1 + ζ2 be superimposing electromagnetic field. Assume that ζ1, ζ2 satisfy Maxwell
equation Eq.(19, 20) and Eq.(32, 33). Hence ζ1, ζ2 satisfy the modified Poynting theorem
Eq.(123), that means,
−∇ · (E1 ×H1) = J1 · E1 +K1 ·H1 + E1 · ∂D1 +H1 · ∂B1 (229)
−∇ · (E2 ×H2) = J2 · E2 +K2 ·H2 + E2 · ∂D2 +H2 · ∂B2 (230)
Then the superimposing electromagnetic field also satisfies the modified Poynting theorem
Eq.(123).
−∇ · ((E1 + E2)× (H1 +H2))
= (J1+J2) ·(E1+E2)+(K1+K2) ·(H1+H2)+(E1+E2) ·∂(D1+D2)+(H1+H2) ·∂(B1+B2)
(231)
Eq.(231) tell us the total energy should be conservative. Eq.(229,230) tell us the self en-
ergy is conservative. Subtract the self energy from the total energy we can obtained the
mutual energy. The mutual energy should be also conservative. Subtract Eq.(229,230) from
Eq.(231), there is,
−∇ · (E1 ×H2 + E2 ×H1)
= J1 ·E2 + J2 ·E1 +K1 ·H2 +K2 ·H1 +E1 · ∂D2 +E2 · ∂D1 +H1 · ∂B2 +H2 · ∂B1 (232)
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The corresponding integral form of the above formula is
−
ˆ
S
(E1 ×H2 + E2 ×H1) · nˆdS
=
ˆ
V
(J1 ·E2+J2 ·E1+K1 ·H2+K2 ·H1+E1 ·∂D2+E2 ·∂D1+H1 ·∂B2+H2 ·∂B1) dV (233)
V is volume, S is the boundary surface of V . S = ∂V . Where nˆ is norm vector of the
surface S. The above Eq.(232,233) are referred as the mutual energy theorem. Same as
Poynting theorem, if the medial Eq.(25,26), The above formula Eq(233) is referred as the
mutual energy theorem. If the medial Eq.(32,33) is satisfies, Eq(233) is referred as modified
mutual energy theorem.
Eq(233) is too long. Inner product will be defined to shorten the formula.
B. Inner product of two electromagnetic systems in spatial-temporal domain
Assume ξi = [Ei(t), Hi(t)], ηi = [Di(t), Bi(t)], ρi = [Ji(t), Ki(t)], i = 1, 2. A inner product
on the surface can be defined as following
(ξ1(t), ξ2(t)) =
ˆ
S
(E1(t)×H2(t) + E2(t)×H1(t)) nˆdS (234)
In the same way we can also define
(ρ1(t), ξ2(t)) =
ˆ
V
(J1(t) ·E2(t) +K1(t) ·H2(t)) dV (235)
(ξ1(t), ∂η2(t)) =
ˆ
V
(E1 · ∂D2 +H1 · ∂B2) dV (236)
The mutual energy theorem can be rewritten as following,
− (ξ1, ξ2) = (ρ1, ξ2) + (ξ1, ρ2) + (ξ1, ∂η2) + (∂η1, ξ2) (237)
or
(ξ1, ξ2) + (ρ1, ξ2) + (ξ1, ρ2) + (ξ1, ∂η2) + (∂η1, ξ2) = 0 (238)
The above formula tell us the summation of the mutual energy current flow out the surface
S: (ξ1, ξ2), the mutual energy loss contributed from the source ρ1, ρ2: (ρ1, ξ2) + (ξ1, ρ2) and
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the mutual energy loss in the space: (ξ1, ∂η2) + (∂η1, ξ2) are zero. The above formula is
instantaneous mutual energy theorem.
In case the superimposition electromagnetic field contains N electromagnetic fields, the
above instantaneous mutual energy theorem can be written as
i<j,j6N∑
i=1,j=1
((ξi, ξj) + (ρi, ξj) + (ξi, ρj) + (ξi, ∂ηj) + (∂ηi, ξj)) = 0 (239)
C. The modified time-correlated mutual energy theorem
Considering if we use ζ1τ = τζ1 to replace ζ1, since after the time-offset transform, ζ1τ
still satisfies the Maxwell equation, and hence the satisfies the modified Poynting theorem
and the modified mutual energy theorem, hence there is
(ξ1(t+ τ), ξ2(t)) + (ρ1(t+ τ), ξ2(t)) + (ξ1(t+ τ), ρ2(t))
+ (ξ1(t+ τ), ∂tη2(t)) + (∂t+τη1(t + τ), ξ2(t)) = 0 (240)
taking the integral to the above formula to the variable t, there is
∞ˆ
t=−∞
((ξ1(t+ τ), ξ2(t)) + (ρ1(t+ τ), ξ2(t)) + (ξ(t+ τ), ρ2(t))
+ (ξ1(t + τ), ∂tη2(t)) + (∂t+τη1(t + τ), ξ2(t))) dt = 0 (241)
In the Appendix 1 it is proven that if the media satisfies
ǫ
†
1(ω) = ǫ2(ω), µ
†
1(ω) = µ2(ω) (242)
or after a inverse Fourier transform F−1{•} = ´∞
t=−∞
exp(jωt) • dt the media satisfies,
ǫT1 (−t) = ǫ2(t), µT1 (−t) = µ2(t)
The last 2 items of Eq.(241) disappear i.e.,
∞ˆ
t=−∞
(ξ1(t + τ), ∂tη2(t)) + (∂t+τη1(t + τ), ξ2(t)) dt = 0 (243)
Hence there is
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∞ˆ−∞
(ξ1(t + τ), ξ2(t)) + (ρ1(t+ τ), ξ2(t)) + (ξ1(t + τ), ρ2(t)) dt = 0 (244)
This is referred as the modified time-correlation mutual energy theorem. In case ǫ2(ω) =
ǫ1(ω) = ǫ(ω), there is
ǫ†(ω) = ǫ(ω), µ†(ω) = µ(ω) (245)
or after a inverse Fourier transform
ǫT (−t) = ǫ(t) µT (−t) = µ(t) (246)
This means the media must be symmetry with time t.
Define new inner product in spatial-temporal space
(ξ1, ξ2)τ =
∞ˆ
t=−∞
((ξ1(t + τ), ξ
∗
2(t))dt (247)
(ρ1, ξ2)τ =
∞ˆ
t=−∞
(ρ1(t + τ), ξ
∗
2(t))dt (248)
(ξ1, ρ2)τ =
∞ˆ
t=−∞
(ξ1(t), ρ
∗
2(t + τ))dt (249)
The modified time-correlation mutual energy theorem can be written as,
(ξ1, ξ2)τ + (ρ1, ξ2)τ + (ξ1, ρ2)τ = 0 (250)
Perhaps you will argue the field variable ζ1(t) ζ2(t) are real variable, why the above
define the inner product here with complex conjugate symbol “*” inside? The reason is in
following subsection we need to make a Fourier transform of above formula that also need
this conjugate symbol.
In case the media satisfies Eq.(25, 26), the modified time-correlation mutual energy the-
orem becomes the time-correlation mutual energy theorem. The word of “modified” is
dropped. It also be referred as time-correlation reciprocity theorem in reference[21]. The
above modified time-correlation mutual energy theorem can be written as following,
ˆ
S
∞ˆ
t=−∞
(E1(t+ τ)×H∗2 (t) + E∗2(t)×H1(t + τ)) dt nˆdS
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+ˆ
V
∞ˆ
t=−∞
(J1(t+τ) ·E∗2(t)+K1(t+τ) ·H∗2 (t)+ρ2(t)+E1(t+τ) ·ρ∗2(t)+H1(t+τ) ·K∗2(t)) dt dV
= 0 (251)
In the above formula the conjugate symbol “*” can be dropped since ζ1(t) and ζ2(t) is a
real variable, however we put “*” there the formula is still correct. It will used in next
subsection.
If there areN electromagnetic fields, the modified time-correlation mutual energy theorem
is
i<j, j6N∑
i=1,j=1
((ξi, ξj)τ + (ρi, ξj)τ + (ξi, ρj)τ ) = 0 (252)
XI. MUTUAL ENERGY THEOREMS IN FOURIER DOMAIN
A. The modified complex mutual energy theorem
Considering F{•} = ´∞
t=−∞
exp(−jωt) • dt is Fourier transform, we have
(ξ1, ξ2)ω ≡ F{(ξ1, ξ2)τ}
=
ˆ
S
(E1(ω)×H∗2(ω) + E∗2(ω)×H1(ω)) · nˆdS (253)
Please see the Appendix 1 for definition of F{•} and the details of calculation.
(ρ1, ξ2)ω ≡ F{(ρ1, ξ2)τ}
=
ˆ
V
(J1(ω) · E∗2(ω) +K1(ω) ·H∗2 (ω)) dV (254)
(ξ1, ρ2)ω ≡ F{(ξ1, ρ2, )τ}
=
ˆ
V
(E1(ω) · J∗2 (ω) +H1(ω) ·K∗2(ω)) dV (255)
the corresponding to frequency theorem is
(ξ1, ξ2)ω + (ρ1, ξ2)ω + (ξ1, ρ2)ω = 0 (256)
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or ˆ
S
(E1(ω)×H∗2 (ω) + E∗2(ω)×H1(ω)) · nˆdS
+
ˆ
V
(J1(ω) · E∗2(ω) + E1(ω) · J∗2 (ω) +K1(ω) ·H∗2 (ω) +H1(ω)K∗2(ω)) dV
= 0 (257)
Where the media have to meet the condition,
ǫ
†
1(ω) = ǫ2(ω), µ
†
1(ω) = µ2(ω) (258)
This formula has been referred the modified complex mutual energy theorem[18–20] by this
author. In the reference [18–20], This author has obtained the modified complex mutual
energy theorem from modified reciprocity theorem through a conjugate transform. Conju-
gate transform is the magnetic mirror transform in Fourier domain, see sub-section 2.5. In
this article, the above complex mutual energy theorem is re-obtained through the modified
Poynting theorem and the concept of mutual energy.
If the ζ1 and ζ2 are in the same media
ǫ(ω) = ǫ1(ω) = ǫ2(ω) µ(ω) = µ1(ω) = µ2(ω) (259)
There is
ǫ†(ω) = ǫ(ω), µ†(ω) = µ(ω) (260)
This is referred as lossless media. In lossless media the corresponding theorem is referred as
the complex mutual energy theorem. The word “modified” can be dropped, if ǫ1(ω) = ǫ2(ω)
and µ1(ω) = µ2(ω). The complex mutual energy theorem has been rediscovered later and is
referred as the second reciprocity theorem[25].
If there are N electromagnetic fields, the corresponding mutual energy theorem,
i<j, j6N∑
i=1,j=1
((ξi, ξj)ω + (ρi, ξj)ω + (ξi, ρj)ω) = 0 (261)
B. The surface integral in the mutual energy theorem
If both ζ1 and ζ2 are both retarded potential, in general
(ξ1, ξ2)τ 6= 0 (262)
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Since, that means (ξ1, ξ2)τ are mutual energy current go through the surface. For example
if ζ1 = ζ2 = ζ then
(ξ, ξ)τ =
ˆ
S
∞ˆ
t=−∞
(E(t + τ)×H(t) + E(t)×H(t+ τ)) nˆdS (263)
and
F{(ξ, ξ)τ} =
ˆ
S
(E(ω)×H∗(ω) + E∗(ω)×H(ω)) nˆdS
= 2
ˆ
S
Re{E(ω)×H∗(ω)} nˆdS (264)
E(ω)×H∗(ω) is the Fourier domain Poynting vector, ´
S
Re{E(ω)×H∗(ω)} nˆdS is the power
flow out the surface which is not vanish in general. It is only vanish if the surface S is super
conductor or magnetic super conductor wall.
Hence there is
(ξ, ξ)ω 6= 0 (265)
and hence, after a inverse Fourier transform, there is
(ξ, ξ)τ = F
−1{(ξ, ξ)ω} 6= 0 (266)
in general. If both of them ζ1, ζ2 are the field of retarded potential, the mutual energy
current will have the same direction from inner side to the outside of the surface S, the
surface integral is not vanish in general.
In other hand if one of them is the field of retarded potential and the other is the field of
advanced potential. For example ρ1 = [J1, K1] is the source and ρ2 = [J2, K2] is sink. ρ1 and
ρ2 are inside the surface S. In this case, ξ1 is retarded potential. ξ2 is advanced potential,
there is
(ξ1, ξ2)τ = 0 (267)
The proof can been seen in Appendix 3. In the proof where the Sommerfeld’s radiation
condition has been applied.
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XII. RECIPROCITY THEOREMS
In this section we assume the mutual energy theorem is known but the reciprocity theorem
is unknown. We derive the reciprocity theorem from the mutual energy theorem. This way
we show that the reciprocity theorem actually is a sub-theorem of mutual energy theorem.
Actually is it is a special situation of the mutual energy theorem.
A. Time convolution reciprocity theorem
In above mutual energy theorems, ζ1 and ζ2 can be retarded potential or advanced po-
tential or even the combination of retarded potential and advanced potential. In a special
situation where ζ1 and ζ2 one is retarded potential and the other one is advanced potential.
Assume ζ1 is the retarded potential, ζ2 is the advanced potential . From the above case we
have know in mutual energy theorem the surface integral vanish on the infinite sphere S.
(ξ1, ξ2)τ = 0 (268)
or ˆ
S
∞ˆ
t=−∞
(E1(t+ τ)×H2(t) + E2(t)×H1(t+ τ) dt nˆdS = 0 (269)
Hence according the time correlation mutual energy theorem Eq(250), there is
(ρ1, ξ2)τ + (ξ1, ρ2)τ = 0 (270)
or
ˆ
V
∞ˆ
−∞
(J1(t+τ)·E2(t)+E1(t+τ)·J2(t)+K1(t+τ)·H2(t)+H1(t+τ)·K2(t) dt dV = 0 (271)
Since we know ζ2 is advanced potential, hence ζh2 = hζ2 become retarded potential. Here h
is magnetic mirror transform defined in Eq.(47). Hence ζ2 = hζh2, or
[E2(t), H2(t), J2(t), K2(t), ǫ2(t), µ2(t)]
= [Eh2(−t),−Hh2(−t),−Jh2(−t), Kh2(−t), ǫh2(−t), µh2(−t)] (272)
56
or substitute this to the above formula Eq.(269,271) there is
ˆ
S
∞ˆ
t=−∞
(E1(t+ τ)× (−1)Hh2(−t) + Eh2(−t)×H1(t+ τ)) dt nˆdS = 0 (273)
and
ˆ
V
∞ˆ
−∞
(J1(t+τ)·Eh2(−t)+(−1)Jh2(−t)·E1(t+τ)+K1(t+τ)·(−1)Hh2(−t)+Kh2(−t)·H1(t+τ) dt dV
= 0 (274)
or in the above integral substitute t′ = −t
ˆ
S
∞ˆ
t′=−∞
(E1(−t′ + τ)× (−1)Hh2(t′) + Eh2(t′)×H1(−t′ + τ)) dt′ nˆdS = 0 (275)
and ˆ
V
∞ˆ
t′=−∞
(J1(−t′ + τ) ·Eh2(t′) + (−1)Jh2(t′) · E1(−t′ + τ)
+K1(−t′ + τ) · (−1)Hh2(t) +Kh2(t′) ·H1(−t′ + τ) dt′ dV = 0 (276)
using t to replace t′, there is
ˆ
S
∞ˆ
t′=−∞
(−E1(τ − t)×Hh2(t) + Eh2(t)×H1(τ − t)) dt nˆdS = 0 (277)
and
ˆ
V
∞ˆ
t′=−∞
(J1(τ − t) ·Eh2(t)− Jh2(t) ·E1(τ − t)−K1(τ − t) ·Hh2(t) +Kh2(t) ·H1(τ − t) dt dV
= 0 (278)
The media formula
ǫT1 (−t) = ǫ2(t), µT1 (−t) = µ2(t) (279)
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after the substitution Eq.(272) become
ǫT1 (−t) = ǫh2(−t), µT1 (−t) = µh2(−t) (280)
or
ǫT1 (t) = ǫh2(t), µ
T
1 (t) = µh2(t) (281)
Considering ζh2 is retarded potential. We can take the subscript “h” and keep in mind that
ζ2is the retarded potential, there is,
ˆ
S
∞ˆ
t=−∞
(−E1(τ − t)×H2(t) + E2(t)×H1(τ − t)) dt nˆdS = 0 (282)
and
ˆ
V
∞ˆ
−∞
(J1(τ−t)·E2(t)−E1(τ−t)·J2(t)−K1(τ−t)·H2(t)+H1(τ−t)·K2(t) dt dV = 0 (283)
In the above formula the item of the surface integral is zero is only correct for this case
where ζ1 and ζ2 are all retarded potential (or all are advanced potential). In general case
the surface integral are not zero. Hence in the above formula the surface integral is still put
there. The media should satisfy
ǫT1 (t) = ǫ2(t), µ
T
1 (t) = µ2(t) (284)
The above last second formula can be rewritten as
ˆ
V
∞ˆ
−∞
(J1(τ − t) · E2(τ)−K1(τ − t) ·H2(τ)) dt dV
=
ˆ
V
∞ˆ
−∞
(J2(τ) · E1(τ − t)−K2(τ) ·H1(τ − t)) dt dV (285)
In the above formula we keep in mind that both ζ1 ζ2 are all retarded potential. This is
the modified convolution reciprocity theorem[7, 13]. In the modified convolution reciprocity
theorem, the media can be arbitrary, it does not need to be symmetry. However if the media
is symmetry, We can choose ǫ1 = ǫ2 = ǫ, µ1 = µ2 = µ,
ǫT (t) = ǫ(t), µT (t) = µ(t) (286)
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In this situation, “modified” can be dropped. So the modified convolution reciprocity be-
comes the convolution reciprocity theorem.
B. Lorenz reciprocity theorem
Assume ζ1 and ζ2 are retarded potential. Considering the Fourier transform of the above
time-convolution reciprocity theorem, there is
ˆ
S
(−E1(ω)×H2(ω) + E2(ω)×H1(ω)) dt nˆdS+
ˆ
V
(J1(ω) · E2(ω)− E1(ω) · J2(ω)−K1(ω) ·H2(ω) +H1(ω) ·K2(ω) dV = 0 (287)
in case , ζ1 and ζ2 are retarded potential, there is
ˆ
S
(−E1(ω)×H2(ω) + E2(ω)×H1(ω)) dt nˆdS = 0 (288)
The above last second formula can be rewritten as
ˆ
V
(J1(ω) · E2(ω)−K1(ω) ·H2(ω)) dV
=
ˆ
V
(J2(ω) ·E1(ω)−H1(ω) ·K2(ω)) dV (289)
After the Fourier transform the media condition become,
ǫT1 (ω) = ǫ2(ω), µ
T
1 (ω) = µ2(ω) (290)
This is the modified reciprocity theorem[16]. In case choose ǫ1 = ǫ2 = ǫ, µ1 = µ2 = µ, and
hence have,
ǫT (ω) = ǫ(ω), µT (ω) = µ(ω) (291)
The “modified” can be dropped, it become the reciprocity theorem, or the Lorentz reciprocity
theorem[6]. Lorenz reciprocity theorem can be obtained also thorough conjugate transform
from the Fourier domain mutual energy theorem.
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According to the above discussion the Lorentz reciprocity theorem, and time-convolution
reciprocity theorem are a special case of the mutual energy theorem where the two electro-
magnetic fields one is the retarded potential and the other one is the advanced potential.
In the Lorenz reciprocity theorem and convolution reciprocity theorem the two fields are
both retarded potentials, even originally one is retarded potential and another is advanced
potential in the time-correlation mutual energy theorem or complex mutual energy theorem.
The concept reaction[9] is a special mutual energy (power) where two fields are in opposite,
one is retarded potential the other one is the advanced potential.
C. The relationship of Poynting theorem, mutual energy theorem and reciprocity
theorem
Even the modified complex mutual energy theorem and modified Lorenz reciprocity the-
orem can be derived from each other through a conjugate transform, the modified time-
correlation mutual energy theorem and time-convolution reciprocity theorem can be derived
through a magnetic mirrored transform, they are still independent theorems. The reason
is that the mirror transform and conjugate transform are not mathematical equation, it
is physical equation which contains some information coming from the Maxwell equation.
When conjugate transform or mirror transform is applied in a derivation, it is same as the
Maxwell equation is used again.
If we drop out the word “modified”, The complex mutual energy theorem and the Lorenz
reciprocity theorem are thoroughly different theorems, the complex mutual energy theorem is
established in losseless media and the Lorenz reciprocity theorem is established in symmetry
media. They are suitable in different situation and are different theorems.
However even the word “modified” is dropped, the time-correlation mutual energy theo-
rem and the complex mutual energy theorem can be derived from Poynting theorem. This
can be proved exactly following the derivation of this article but do not use the word “mod-
ified”. Hence time-correlation mutual energy theorem and complex mutual energy theorem
are really a sub-theorem of Poynting theorem. From this point of view, time-correlation
mutual energy theorem and complex mutual energy theorem (with and without “modified”)
are much closer related to the Poynting theorem than the convolution reciprocity theorem
and the Lorenz reciprocity theorem.
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Time-correlation mutual energy theorem and complex mutual energy theorem can be
easily extended to the situation there is N fields. In principle, the reciprocity theorem can
do the same, however if it is done, there will be too many minus and positive sign in the
extended theorem which will confuse all of us.
XIII. THE APPLICATION OF MUTUAL ENERGY THEOREM
A. Inner product
The 3 inner product (ξ1, ξ2), (ξ1, ξ2)τ=0, (ξ1, ξ2)ω have been defined in Eq.(234,247 and
253), it should be remarkable these are not just a notation for simplification. These 3 inner
products are the real inner products. It can be proved that these inner products satisfy the
inner product standard 3 conditions as following, if the electromagnetic fields ζ1 and ζ2 are
all retarded potential, there are
1. Positive-definiteness:
(ξ, ξ) ≧ 0 (ξ, ξ) = 0 iff ξ = 0 (292)
2. Conjugate symmetry:
(ξ1, ξ2) = (ξ2, ξ1)
∗ (293)
or if (ξ2, ξ1) is real,
(ξ1, ξ2) = (ξ2, ξ1) (294)
3. Linearity:
(aξ1 + bξ2, ξ3) = a(ξ1, ξ3) + b(ξ2, ξ3) (295)
Where a and b are any constant. Here (ξ1, ξ2) represent all the 3 inner products (ξ1, ξ2),
(ξ1, ξ2)τ=0 and (ξ1, ξ2)ω.
With the inner product, the norm can be defined as
||ξ|| =
√
(ξ, ξ) (296)
Using the inner product, the mutual energy theorem in the Fourier domain and in time
domain has nearly same formula, the only difference is the subscript of ω or τ .
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It is worth to notice that (ξ1, ξ2)τ does not satisfy the above standard inner product
conditions.
(ξ1, ξ2)τ =
ˆ
S
∞ˆ
t=−∞
(E1(t+ τ)×H∗2 (t) + E∗2(t)×H1(t + τ)) dt nˆdS
=
ˆ
S
∞ˆ
t=−∞
(E1(t
′)×H∗2 (t′ − τ) + E∗2(t′ − τ)×H1(t′)) dt nˆdS
=
ˆ
S
∞ˆ
t=−∞
(E∗2(t
′ − τ)×H1(t′) + E1(t′)×H∗2 (t′ − τ)) dt nˆdS
= (
ˆ
S
∞ˆ
t=−∞
(E2(t
′ − τ)×H∗1 (t′) + E∗1(t′)×H2(t′ − τ)) dt nˆdS)∗
= (ξ2, ξ1)
∗
−τ (297)
However if let τ = 0, the above formula means that
(ξ1, ξ2)τ=0 = (ξ2, ξ1)
∗
τ=0 (298)
Hence (ξ1, ξ2)τ=0 is a good inner product.
B. Applied the mutual energy theorem to the wave expansion
Assume ζ = (E,H, J,K, ǫ, µ) is a field of retarded potential. ζ is in spatial-temporal do-
main or in Fourier domain. Choose that ζi = (Ei, Hi, Ji, Ki, ǫi, µi) as also retarded potential.
ζi is at the same domain as ζ . i = 0, 1, · · ·∞. It can be taken that ǫi(ω) = ǫ0(ω) = ǫ†(ω),
µi(ω) = µ0(ω) = µ
†(ω) in complex space, or time space ǫi(τ) = ǫ0(τ) = ǫ
T (−τ),
µi(τ) = µ0(τ) = µ
T (−τ). Here ǫ0 and µ0 are not the permittivity and permeability in
empty space, instead, they are permittivity and permeability of the electromagnetic field ζi
when i = 0. Hence there is ζi = [Ei, Hi, Ji, Hi, ǫ0, µ0]. In the following the inner product
(ξ, ξi) also means ether in time domain which is (ξ, ξi)τ=0 or in Fourier domain which is
(ξ, ξi)ω. It can be in complex space or in spatial-temporal space. If there is any method the
electromagnetic field ξ can be written as a expansion form
ξ =
∞∑
i=0
aiξi (299)
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Where ξ = [E(x, τ), H(x, τ)] or ξ = [E(x, ω), H(x, ω)], here x = [x1, x2, x3] is a space
variable which is often does not write out. x can be express according other coordinates for
example spherical coordinates. ai is expansion coefficients which need to be found in the
following.
ξi(x, ω) = Rl(r)Ymm(θ, φ) (300)
(r, θ, φ) are spherical coordinates, Ynm(θ, φ) is a orthogonal function on the for θ and φ
variable. Rn(r) is a orthogonal variable alone the variable r, and (r, θ, φ) is the spherical
coordinates. The index i = [l, m, n].
ξi(x, t) = Rl(r)Ymn(θ, φ)Φk(t) (301)
where Φk(t) is the Fourier series,
Φk(t) = exp(j
2kπt
P
) (302)
The Fourier series is expansion in the region −P
2
≤ t ≤ P
2
. In the numerical calculation for
the time variable a fixed number is used to replace −∞ < t <∞. The index i = [l, m, n, k].
Assume ξi is with the property of normalized orthogonality,
(ξi, ξj) = δij (303)
where (ξi, ξj) means (ξi, ξj)τ=0 or (ξi, ξj)ω and
δij =


1
0
if i = j
if i 6= j
(304)
considering Eq.(299) with 303), there is
(ξ, ξi) = ai (305)
where from the modified mutual energy theorem Eq.(250 or 256) we know that
(ξ, ξi) = −(ρ, ξi)− (ξ, ρi) (306)
or the expansion can be written as
ξ = −
∞∑
i=0
((ρ, ξi) + (ξ, ρi))ξi (307)
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In general if both ξ and ξi are both retarded potential or both are advanced potential the
inner product does not disappear. Hence the electromagnetic field ξ can be expanded as
ξi. It is worth to see the above expansion can be done in Fourier domain and also in time
domain. The medial ǫ(ω), µ(ω) can be arbitrary. ǫ(ω), µ(ω) do not need to be lossless,
because ǫ0, µ0 can always be chosen so to satisfy Eq.(258) even with loss media ǫ(ω), µ(ω).
The spherical wave expansion and plane wave expansion in Fourier domain can be found
in reference[18, 20]. Where the modified mutual energy theorem is applied in Fourier do-
main. In this article the expansion method has been extended to the time domain. Similar
discussions about the wave expansion can be found also in reference[23, 24].
C. One example of mutual energy theorem
Assume there are electromagnetic field systems ζ1,ζ2 and ζ3 are known. Assume, ζ1,ζ2 are
retarded potential, ζ3 is an advanced potential. Please find out the mutual energy current
radiate to the outside of the infinite sphere S.
Solution: the all mutual energy current radiate to the out of the surface S is∑i<j,j63
i=1,j=1(ξi, ξj)
Since ζ3 is advanced potential, and ζ1 and ζ2 are retarded potential, there is
(ξ1, ξ3) = 0, (ξ2, ξ3) = 0 (308)
The mutual energy current radiate to the outside of the surface S is
i<j,j63∑
i=1,j=1
(ξi, ξj) = (ξ1, ξ2) + (ξ1, ξ3) + (ξ2, ξ3)
= (ξ1, ξ2) = −((ρ1, ξ2) + (ξ1, ρ2)) (309)
In the last step the mutual energy theorem for ζ1 and ζ2 has been applied. ζ1 and ζ2 are
retarded potential, (ξ1, ξ2) 6= 0. Finished.
In this case the result is only the mutual energy current of ζ1 and ζ2 which have the
contribution to the energy current going to the outside of the surface S.
XIV. COMPLEMENTARY THEOREMS
Chen-To Tai has derived the complementary reciprocity theorem[38]. We have obtained 4
theorems 2 mutual energy theorem and 2 reciprocity theorem. We apply the electromagnetic
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field swapping transform
ζs = sζ = [ZH,
1
Z
E,− 1
Z
K,−ZJ,− 1
Z2
µ,−Z2ǫ]
to the 4 theorem, 4 complementary theorems can be obtained, among them one is the Chen-
to Ta’s complementary theorem. Consider swapping transform for the following 4 theorems
A. Corresponding to Lorenz reciprocity theorem
ˆ
S
(E1(ω)×H2(ω)−E2(ω)×H1(ω)) dt nˆdS
=
ˆ
V
(J1(ω) ·E2(ω)− E1(ω) · J2(ω)−K1(ω) ·H2(ω) +H1(ω) ·K2(ω) dV (310)
ǫ1(ω) = ǫ
T
2 (ω), µ1(ω) = µ
T
2 (ω) (311)
ζs = sζ = [ZH,
1
Z
E,− 1
Z
K,−ZJ,− 1
Z2
µ,−Z2ǫ]
The corresponding theorem is
ˆ
S
(E1(ω)× 1
Z
E2(ω)− ZH2(ω)×H1(ω)) dt nˆdS
=
ˆ
V
(J1(ω)·ZH2(ω)−E1(ω)·(− 1
Z
K2(ω))−K1(ω)· 1
Z
E2(ω)+H1(ω)·(−ZJ2(ω)) dV (312)
or
ˆ
S
(E1(ω)× E2(ω)− Z2H2(ω)×H1(ω)) dt nˆdS
=
ˆ
V
(Z2J1(ω) ·H2(ω) + E1(ω) ·K2(ω)−K1(ω) · E2(ω)− Z2H1(ω) · J2(ω)) dV (313)
ǫ1(ω) = − 1
Z2
µT2 (ω), µ1(ω) = −Z2ǫT2 (ω) (314)
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This is complementary reciprocity of Chen-To Ta. In the above derivation we have applied
the concept of “modified”, if take the “modified” away, there is,
ǫ(ω) = − 1
Z2
µT (ω), µ(ω) = −Z2ǫT (ω) (315)
This media can not be realized in empty space.
B. Corresponding to reverse reciprocity theorem
ˆ
S
(E1(ω)×H∗2 (ω)− E∗2(ω)×H1(ω)) nˆdS
=
ˆ
V
(J1(ω) ·E∗2(ω)− J∗2 (ω) · E1(ω)−K1(ω) ·H∗2 (ω) +K∗2 (ω) ·H1(ω)) dV (316)
ǫ1(ω) = −ǫ†2(ω), µ1(ω) = −µ†2(ω) (317)
ˆ
S
(E1(ω)× 1
Z
E∗2(ω)− ZH∗2 (ω)×H1(ω)) nˆdS
=
ˆ
V
(J1(ω) · ZH∗2 (ω) +
1
Z
K∗2(ω) ·E1(ω)−K1(ω) ·
1
Z
E∗2(ω)− ZJ∗2 (ω) ·H1(ω)) dV (318)
ˆ
S
(E1(ω)×E∗2(ω)− Z2H∗2 (ω)×H1(ω)) nˆdS
=
ˆ
V
(Z2J1(ω) ·H∗2 (ω) +K∗2(ω) ·E1(ω)−K1(ω) · E∗2(ω)− Z2J∗2 (ω) ·H1(ω)) dV (319)
ǫ1(ω) =
1
Z2
µ
†
2(ω), µ1(ω) = Z
2ǫ
†
2(ω) (320)
if the word “modified” is taken away, there is
ǫ(ω) =
1
Z2
µ†(ω), µ(ω) = Z2ǫ†(ω) (321)
This media can be realized in empty space.
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C. Corresponding to reverse mutual energy theorem
−
ˆ
S
(E1(ω)×H2(ω) + E2(ω)×H1(ω)) nˆdS
=
ˆ
V
(J1(ω) · E2(ω) + E1(ω) · J2(ω) +K1(ω) ·H2(ω) +H1(ω) ·K2(ω)) dV (322)
ǫ1(ω) = −ǫT2 (ω), µ1(ω) = −µT2 (ω) (323)
−
ˆ
S
(E1(ω)× ( 1
Z
E2(ω)) + ZH2(ω)×H1(ω)) nˆdS
=
ˆ
V
(J1(ω) ·ZH2(ω)+E1(ω) · (− 1
Z
K2(ω))+K1(ω) · 1
Z
E2(ω)+H1(ω) · (−ZJ2(ω)) dV (324)
after the transform it becomes,
−
ˆ
S
(E1(ω)× E2(ω) + Z2H2(ω)×H1(ω)) nˆdS
=
ˆ
V
(Z2J1(ω) ·H2(ω)− E1(ω) ·K2(ω) +K1(ω) · E2(ω)− Z2H1(ω) · J2(ω)) dV (325)
ǫ1(ω) =
1
Z2
µT2 (ω), µ1(ω) = Z
2ǫT2 (ω) (326)
if the “modified” is taken away, there is
ǫ(ω) =
1
Z2
µT (ω), µ(ω) = Z2ǫT (ω) (327)
This kind of media can be realized in empty space.
D. Corresponding to mutual energy theorem
−
ˆ
S
(E1(ω)×H∗2 (ω) + E∗2(ω)×H1(ω)) nˆdS
=
ˆ
V
(J1(ω) · E∗2(ω) + E1(ω) · J∗2 (ω) +K1(ω) ·H∗2 (ω) +H1(ω) ·K∗2(ω)) dV (328)
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ǫ2(ω) = ǫ
†
1(ω), µ2(ω) = µ
†
1(ω) (329)
after transform, it becomes
ζs = sζ = [ZH,
1
Z
E,− 1
Z
K,−ZJ,− 1
Z2
µ,−Z2ǫ]
−
ˆ
S
(E1(ω)× 1
Z
E∗2(ω) + ZH
∗
2 (ω)×H1(ω)) nˆdS
=
ˆ
V
(J1(ω)·ZH∗2(ω)+E1(ω)·(−
1
Z
)K∗2 (ω)+K1(ω)·
1
Z
E∗2(ω)+H1(ω)·(−Z)J∗2 (ω)) dV (330)
or
−
ˆ
S
(E1(ω)×E∗2(ω) + Z2H∗2 (ω)×H1(ω)) nˆdS
=
ˆ
V
(Z2J1(ω) ·H∗2 (ω)−E1(ω) ·K∗2 (ω) +K1(ω) · E∗2(ω)− Z2H1(ω) · J∗2 (ω)) dV (331)
ǫ1(ω) = − 1
Z2
µ
†
2(ω), µ1(ω) = −Z2ǫ†2 (332)
If the “modified” is taken away, there is
ǫ(ω) = − 1
Z2
µ†(ω), µ(ω) = −Z2ǫ† (333)
This media can not realized in empty space.
If inverse Fourier transform is made, we can obtained the 4 corresponding time domain
mutual energy or reciprocity theorems.
XV. CONCLUSION
The modified Poynting theorem is introduced, so it functions for the superimposition of
the electromagnetic fields which includes retarded potential, mirrored field of the retarded
potential which is a field of advanced potential and time-offset electromagnetic fields. Each
fields can also be in a different media.
The concept of the mutual energy is introduced, which is the difference between the
total energy and self-energy. Using the concept of the mutual energy a few mutual energy
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theorems are derived from the modified Poynting theorem. The mutual energy theorems
introduced in this article includes,
1) The instantaneous-time mutual energy theorem.
2) The time-reversed mutual energy theorem.
3) Mixed mutual energy theorem.
4) The time-correlation reciprocity theorem is re-derived from the above instantaneous-
time mutual energy theorem. Hence it can be referred as time-correlation mutual energy
theorem too.
5) The mutual energy theorem in Fourier domain is re-derived from Poynting theorem in
Fourier domain and time domain
6) The Lorenz reciprocity theorem is re-derived as a special case of the mutual energy
theorem, where the electromagnetic fields are opposite, one is retarded potential and the
other is mirrored field of retarded potential which is advanced potential. The concept of
the reaction is also explained as a special mutual energy where two field one is retarded
potential one is advanced potential.
7) We also extended the mutual energy theorem to the case there are N electromagnetic
fields instead of only 2. Since the use of inner product, the formula for N electromagnetic
fields is very simple and easy to understand.
8) the 3 additional complementary theorems are derived.
This article has built a bridge between the Poynting theorem and the reciprocity theorem.
This bridge is mutual energy theorem.
Appendix 1
Assume f(t) and g(t) is real function, and f(ω) = F{f(t)}, g(ω) = F{g(t)}
F{
∞ˆ
t=−∞
f(t+ τ) g(t)dt} = f(ω)(g(ω))∗ (334)
Appendix 2
Prove the formula
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∞ˆt=−∞
(ξ2(t), ∂t+τη1(t+ τ)) + (ξ1(t+ τ), ∂tη2(t)) dt = 0 (335)
In case there is
ǫ
†
2(ω)− ǫ1(ω) = 0, µ†2(ω)− µ1(ω) = 0 (336)
Do the Fourier transform F{•} to the above formula,
F{
∞ˆ
t=−∞
(ξ2(t), ∂t+τη1(t + τ)) + (ξ1(t+ τ), ∂η2(t))dt}
= F{
ˆ
V
∞ˆ
t=−∞
(E2(t) · ∂t+τD1(t+ τ) + E1(t+ τ) · ∂D2(t)
+H2(t) · ∂t+τB1(t+ τ) +H1(t+ τ) · ∂B2(t)) dt dV } (337)
LetU = ∂tD1(t)
F{
∞ˆ
t=−∞
(E2(t) · ∂t+τD1(t + τ)) dt}
= F{
∞ˆ
t=−∞
(E2(t) · U(t + τ)) dt}
= E∗2(ω)U(ω) (338)
Where
U(ω) = F{U} = F{∂tD1(t)} = {∂t
∞ˆ
τ=−∞
ǫ1(t− τ)E1(τ)dτ} = −jωǫ1(ω)E1(ω) (339)
or
U∗(ω) = (−jω)∗ǫ∗2(ω)E∗2(ω) (340)
Hence the Eq.(337) becomes
=
ˆ
V
(E∗2(ω) · (−jω)ǫ1(ω)E1(ω) + E1(ω) · (−jω)∗ǫ∗2(ω)E∗2(ω)
+H∗2(ω) · (−jω)µ1(ω)H1(ω) +H1(ω) · (−jω)∗ǫ∗2(ω)H∗2 (ω))dV
= (−jω)
ˆ
V
(E∗2(ω)(ǫ1(ω)− ǫ†2(ω))E1(ω)dV
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+(−jω)
ˆ
V
(H∗2(ω)(µ1(ω)− µ†2(ω))H1(ω)dV
= 0
Where we have considered that
E1ǫ
∗
2E
∗
2 = E
∗
2(ǫ
∗
2)
TE1 = E
∗
2ǫ
†
2E1 (341)
E1µ
∗
2E
∗
2 = E
∗
2(ǫ
∗
2)
TE1 = E
∗
2ǫ
†
2E1 (342)
The last step Eq.(336) has been considered. Hence we have Eq.(335),
ǫ
†
2 = ǫ1 (343)
µ
†
2 = µ1 (344)
Appendix 3
Prove if ξ1is retarded potential and ξ2 is advanced potential and the integral satisfies
that,
(ξ1, ξ2) = 0 (345)
We can assume ξ2 = h ξ2o, here h is magnetic mirror transform. ξ2o is the corresponding
field of ξ2. ξ2o is retarded potential,
(ξ1, ξ2) =
ˆ
S
(E1(t)×H2(t) + E2(t)×H1(t)) nˆdS
=
ˆ
S
(E1(t)× (−1)H2o(−t) + E2o(−t)×H1(t)) nˆdS
= (−
ˆ
S
(E1(t)×H2o(τ − t)−E2o(τ − t)×H1(t)) nˆdS]τ=0 (346)
In order to the above formula, the Fourier transform is applied,
f(τ) ≡
ˆ
S
(E1(t)×H2o(τ − t)−E2o(τ − t)×H1(t)) nˆdS (347)
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F{f(τ)} =
ˆ
S
(E1(ω)×H2o(ω)− E2o(ω)×H1(ω)) nˆdS (348)
Where F{•} is Fourier transform. In the big sphere. Assume r → ∞.Considering the
Silver-Muller radiation condition or Sommerfeld’s radiation condition,
lim
r→∞
r(H × nˆ−E) = 0 (349)
In r →∞, nˆ can be calculated,
nˆ =
E1(ω)×H1(ω)
||E1(ω)×H1(ω)|| (350)
and
nˆ =
E2o(ω)×H2o(ω)
||E2o(ω)×H2o(ω)|| (351)
or at r →∞ there is
E1(ω) = E1(ω)× nˆ (352)
E2o(ω) = E2o(ω)× nˆ (353)
F{f(τ)} =
ˆ
S
(E1(ω)× (E2o(ω)× nˆ)− E2o(ω)× (E1(ω)× nˆ)) nˆdS
=
ˆ
S
(E1(ω) · E2o(ω))nˆ− (E2o(ω) ·E1(ω))nˆ) · nˆdS
= 0 (354)
In the above we have considered
a× (b× c) = (a · b)c− (a · c)b (355)
That means that
F{f(τ)} = 0 (356)
Hence
f(τ) = 0 (357)
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i.e.
f(τ) =
ˆ
S
(E1(t)×H2o(τ − t)−E2o(τ − t)×H1(t)) nˆdS = 0 (358)
Hence ˆ
S
(E1(t)×H2o(τ − t)−E2o(τ − t)×H1(t)) nˆdS)τ=0 = 0 (359)
or
(
ˆ
S
(E1(t)×H2o(−t)− E2o(−t)×H1(t)) nˆdS = 0 (360)
or
(ξ1, ξ2)
=
ˆ
S
(E1(t)×H2o(−t)−E2o(−t)×H1(t)) nˆdS = 0 (361)
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